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Structural analysis of steel frames is typically performed using beam elements. Since these elements are
unable to explicitly capture the local buckling behavior of steel cross-sections, traditional steel design
specifications use the concept of cross-section classification to determine the extent to which the
strength and deformation capacity of a cross-section are affected by local buckling. The use of plastic
design methods are restricted to Class 1 cross-sections, which possess sufficient rotation capacity for
plastic hinges to develop and a collapse mechanism to form. Local buckling prevents the development
of plastic hinges with such rotation capacity for cross-sections of higher classes and, unless computation-
ally demanding shell elements are used, elastic analysis is required. However, this article demonstrates
that local buckling can be mimicked effectively in beam elements by incorporating the continuous
strength method (CSM) strain limits into the analysis. Furthermore, by performing an advanced analysis
that accounts for both geometric and material nonlinearities, no additional design checks are required.
The positive influence of the strain hardening observed in stocky cross-sections can also be harnessed,
provided a suitably accurate stress–strain relationship is adopted; a quad-linear material model for
hot-rolled steels is described for this purpose. The CSM strain limits allow cross-sections of all slender-
ness to be analyzed in a consistent advanced analysis framework and to benefit from the appropriate
level of load redistribution. The proposed approach is applied herein to individual members, continuous
beams, and frames, and is shown to bring significant benefits in terms of accuracy and consistency over
current steel design specifications.

� 2019 THE AUTHORS. Published by Elsevier LTD on behalf of Chinese Academy of Engineering and
Higher Education Press Limited Company. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The most recent editions of many international structural
design codes permit the use of geometrically and materially non-
linear analysis, also known as advanced analysis, for the design
of steel structures consisting of compact cross-sections. Examples
include Section 5 of EN 1993-1-1 [1], Appendix D of AS 4100 [2],
and Appendix 1 of AISC 360 [3]. The analysis is typically performed
using the finite element (FE) method, and structural members are
commonly represented using beam elements. The benefits of
advanced analysis design are widely recognized [4–10]. Compared
with the traditional approach to structural design, whereby the
structural analysis is followed by individual member and cross-
section checks, in advanced analysis, global frame and member
instabilities (i.e., P-D and P-d) are captured and the need for subse-
quent member checks is eliminated. However, since beam
elements cannot capture local buckling, plastic analysis methods
are currently limited to stocky cross-sections that possess suffi-
cient rotational capacity for plastic hinges to develop and a col-
lapse mechanism to form.

To avoid using complex shell elements for a global frame anal-
ysis, structural design codes generally account for local buckling by
providing limitations on cross-section capacity and deformability
by introducing discrete cross-section classes based on plate
width-to-thickness ratios. However, this approach creates artificial
‘‘steps” in the capacity predictions of structural frames. For exam-
ple, a Class 1 cross-section is assumed to have infinite rotation
capacity, while a Class 2 cross-section is assumed to have zero.

In this paper, a more consistent design approach is proposed,
whereby strain limits are used to mimic local buckling in an
advanced structural analysis using beam elements. The strain lim-
its are based on the continuous strength method (CSM) [11,12] and
control the degree of plastic redistribution that occurs within the
structure, taking due account of the local slenderness of the con-
stituent cross-sections. Hence, structures with cross-sections of
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Fig. 2. Quad-linear material model for hot-rolled structural carbon steel.
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any class can be treated using beam elements in the same consis-
tent manner. To capture the stress–strain characteristics of struc-
tural carbon steels accurately, a quad-linear material model has
been developed [13] and incorporated into the CSM framework
for the design of hot-rolled steel cross-sections under different
loading conditions [14,15]; this material model is employed
herein. In the proposed approach to design by advanced analysis,
the structural resistance is taken as the lower of either ① the peak
load factor reached during the analysis or ② the load factor at
which the CSM strain limit is first reached. Note that, as recom-
mended in Ref. [16], connections will generally have to be checked
separately.

This paper outlines the framework required to include strain
limits in design by advanced analysis. The quad-linear material
model for hot-rolled steel is described and worked examples illus-
trate the benefits and general applicability of the proposed
method. It should be noted that the following discussion is limited
to the in-plane behavior of individual members, continuous beams,
and frames consisting of hot-rolled steel I-shaped sections under
major axis bending.
2. Material modeling

A typical engineering stress–strain curve for hot-rolled struc-
tural carbon steel subjected to quasi-static tensile load is shown
in Fig. 1. In the elastic range, the slope is linear and is defined by
the modulus of elasticity, or Young’s modulus E, which is taken
as 210 000 N�mm�2 according to EN 1993-1-1. After reaching the
yield stress fy, with the corresponding strain of ey = fy/E, the strain
continues to increase along a yield plateau without any apparent
increase in stress. When the strain reaches the strain-hardening
strain, esh, strain hardening initiates and the stress begins to
increase again with increasing strain. Finally, the stress reaches a
maximum value at the ultimate tensile strength fu and the corre-
sponding ultimate strain eu. Beyond this point, necking and even-
tually fracture occur.

The stress–strain relationship for structural carbon steels is
often idealized by an elastic-perfectly plastic model, and this sim-
plified model generally forms the basis of the current design provi-
sions in EN 1993-1-1. However, this model fails to capture the
strain-hardening characteristics of the material, which are impor-
tant for advanced computational and design methods such as the
CSM, particularly for stocky cross-sections. Thus, a quad-linear
Fig. 1. A typical engineering stress–strain curve for hot-rolled structural carbon
steel. E: Young’s modulus; fy: yield stress; ey: strain corresponds to fy; fu: ultimate
tensile strength; eu: ultimate strain corresponds to fu; esh: strain-hardening strain.
material model, as illustrated in Fig. 2 and described by Eq. (1)
[13], has been proposed to represent accurately the yield plateau
and strain-hardening behavior of hot-rolled structural carbon
steels, based upon and calibrated against a large dataset of tensile
coupon test results. Two material coefficients (C1 and C2) are used
in Eq. (1): C1 defines a ‘‘cut-off” strain to avoid over-predictions of
material strength and is also included in the CSM base curve, as
described in Section 3.2; and C2 is employed in Eq. (2) to determine
the strain-hardening slope Esh. These two coefficients may be
determined respectively from Eqs. (3) and (4), which are expressed
in terms of the strain-hardening strain esh and the ultimate
strain eu.

f ðeÞ ¼

Ee for e � ey
f y for ey < e � esh
f y þ Eshðe� eshÞ for esh < e � C1eu

f C1eu þ
f u � f C1eu

eu � C1eu
ðe� C1euÞ for C1eu < e � eu

8>>>>>><
>>>>>>:

ð1Þ

Esh ¼ f u � f y
C2eu � esh

ð2Þ

C1 ¼ esh þ 0:25ðeu � eshÞ
eu

ð3Þ

C2 ¼ esh þ 0:4ðeu � eshÞ
eu

ð4Þ

The values of esh and eu may be predicted from Eqs. (5) and (6),
respectively. As a result, only three basic parameters are required
for the quad-linear material model: E, fy, and fu. This model has
recently been incorporated into the CSM for the design of hot-
rolled steel cross-sections [14,15], and shows improved accuracy
over the EN 1993-1-1 design provisions.

esh ¼ 0:1
f y
f u

� 0:055 but 0:015 � esh � 0:03 ð5Þ

eu ¼ 0:6 1� f y
f u

� �
but eu � 0:06 ð6Þ

Typical comparisons between measured stress–strain curves
[17–19] and those generated using the developed quad-linear
material model (Eq. (1)) and the predictive expressions of Eqs.
(2)–(6) are shown in Figs. 3–5, revealing consistently accurate
agreement for different steel grades. Further comparisons are pre-
sented and discussed by Yun and Gardner [13].



Fig. 3. Comparison of the quad-linear material model with an experimental stress–
strain curve for grade S235 steel, as tested by Yun et al. [17].

Fig. 4. Comparison of the quad-linear material model with an experimental stress–
strain curve for grade S355 steel, as tested by Chan and Gardner [18].

Fig. 5. Comparison of the quad-linear material model with an experimental stress–
strain curve for grade S460 steel, as tested by Wang et al. [19].

Fig. 6. CSM base curve: a continuous relationship between cross-section slender-
ness �kp and its deformation capacity ecsm/ey.
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3. Design by advanced analysis

3.1. Introduction

To account for the complex behavior of steel structures, both
geometric and material nonlinearities should generally be consid-
ered. Traditionally, any limit state that is not included in the struc-
tural analysis must be accounted for using appropriate design
checks. For example, a linear (first-order) analysis does not capture
member buckling; thus, a corresponding member buckling check is
required. Advanced analysis reduced the number of required
design checks by incorporating various limit states into the analy-
sis itself.

Ideally, all design checks can be eliminated and the capacity of a
structural system defined simply by the peak load factor reached
during the analysis. However, although frame and member insta-
bility (i.e., P-D and P-d) effects are generally accounted for in an
advanced analysis, more complex phenomena such as local buck-
ling (and other cross-section level buckling modes) cannot be cap-
tured using beam elements and are thus typically excluded from
the analysis and considered approximately through cross-section
classification and corresponding capacity checks. The design
approach proposed herein departs from this practice and employs
the CSM strain limits to mimic the effects of local buckling in beam
elements. It is hence possible to use the same advanced nonlinear
analysis with beam elements for structures comprising cross-
sections of all four classes, since the strain limits control the degree
of local buckling, spread of plasticity, and plastic redistribution in a
rational manner. This is in contrast to the step-wise treatment in
current design codes, whereby full global plastic redistribution
is allowed in the case of Class 1 cross-sections, while no
redistribution is permitted for other classes of cross-section.
3.2. Continuous strength method and strain limits

The CSM is a deformation-based design approach that relates
the cross-section slenderness to the deformation capacity [11].
Instead of classifying cross-sections into discrete groups, the CSM
base curve defines the peak strain that a cross-section can endure.
Utilizing this strain limit, integration of the corresponding stress
distribution obtained from the adopted material model (see Sec-
tion 2) over the area of the cross-section yields the cross-section
capacity. Including the CSM strain limits in advanced analysis
enables the CSM cross-section capacity to be computed directly,
since numerical integration is performed at each load increment
of the analysis.

The CSM base curve, shown in Fig. 6, provides a continuous rela-
tionship between the cross-section slenderness �kp and its deforma-
tion capacity. The latter is defined in normalized form as ecsm/ey,
where ecsm is the maximum compressive strain a cross-section
can sustain and ey is the yield strain. The base curve is split into
two parts: Eq. (7) applies to non-slender sections with �kp � 0:68,
which are referred to as Class 1 to 3 cross-sections in EN 1993-1-1,
and Eq. (8) applies to slender cross-sections with �kp > 0:68, which
are referred to as Class 4 cross-sections in EN 1993-1-1. Note that
in Eq. (7), two upper bounds have been placed on the predicted
CSM strain ratio ecsm/ey; the first limit X defines the level of plastic
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deformation that is deemed tolerable at ultimate limit state on a
given project with a recommended value of 15, while the second
limit of C1eu, where C1 is a material coefficient described in Sec-
tion 2 and eu is the material ultimate strain which may be deter-
mined using Eq. (6), defines a ‘‘cut-off” strain to avoid over-
predictions of material strength. Also note that both Eqs. (7) and
(8) pass through the identified transition point, that is, (0.68, 1)
in Fig. 6, thus ensuring compatibility between the CSM base curves
for non-slender and slender cross-sections.

ecsm
ey

¼ 0:25
�k
3:6
p

but
ecsm
ey

� min X;
C1eu
ey

� �
for �kp � 0:68 ð7Þ

ecsm
ey

¼ 1� 0:222
�k
1:05
p

0
@

1
A 1

�k
1:05
p

for �kp > 0:68 ð8Þ

The accuracy of the CSM strain limits used in advanced analysis
depends on the ability to accurately determine the cross-section
slenderness. The cross-section slenderness is a dimensionless
parameter that quantifies susceptibility to local instability and is
defined by Eq. (9), where fy is the yield stress and rcr is the elastic
critical buckling stress.

�kp ¼
ffiffiffiffiffiffiffi
f y
rcr

s
ð9Þ

Various methods are available to calculate the elastic critical
buckling stress. Standard plate theory, utilizing buckling coeffi-
cients k such as those presented in EN 1993-1-5 [20], is simple
to use yet ignores any element interaction by assuming simply
supported boundary conditions along the adjoined plate edges.
The elastic critical buckling stress can then be calculated using
Eq. (10), where t and b are the relevant plate thickness and width,
v is the Poisson’s ratio; the plate element with the lowest buckling
stress is then used to define the cross-section slenderness through
Eq. (9).

rcr ¼ k
p2E

12 1� m2ð Þ
t
b

� �2

ð10Þ

Alternatively, approximate expressions calibrated against
numerical results [21,22] may be used to determine the elastic crit-
ical buckling stress of the full cross-section. Plate interaction is
implicitly accounted for in these expressions, which increases their
accuracy. The expressions in Ref. [21] only cover pure compression
and pure major/minor axis bending, whereas in structural frames,
cross-sections are typically subjected to a combination of compres-
sion and bending; the expressions developed in Ref. [22] address
this limitation and cover compression, bending and combined
compression plus bending. Numerical tools, such as the con-
strained and unconstrained finite strip method (CUFSM) [23], can
also be used to determine the elastic critical buckling stress of
the full cross-section; CUFSM is employed in the present study.

3.3. Strain-averaging approach

Experiments [24,25] have shown that the maximum in-plane
bending resistance of a member is greater under a moment gradi-
ent than under uniform bending. The increase in capacity arises
from the restraint afforded to the critical section (i.e., that is under
maximum bending moment) by the lower stressed adjacent
regions, thus delaying the onset of local buckling in both the elastic
and plastic regimes. A moment gradient is of course present in
most practical applications, yet EN 1993-1-1 and the CSM base
curve do not consider the effects of local moment gradients on
the local stability of cross-sections.
It is proposed to exploit the beneficial influence of moment gra-
dients on local stability by applying the CSM strain limit to a strain
extracted from the advanced analysis that is averaged over a finite
member length, as opposed to considering simply the most highly
stressed (or strained) cross-section, as is customary. Since local
buckling requires a finite length of member over which to
develop—that is, the local buckling half-wavelength Lb—this repre-
sents a suitable distance over which to average the strains. This
approach is in line with the observations of Lay and Galambos
[26], who demonstrated experimentally that inelastic local buck-
ling commences only when yielding has extended to a finite length
of member related to the local buckling half-wavelength. By apply-
ing the CSM strain limit to an averaged strain, it is therefore possi-
ble to directly account for the magnitude of the local moment
gradient; under uniform moment, the averaging approach predicts
the cross-section capacity, while for increasing moment gradients,
the peak moment capacity increases accordingly. The strain-
averaging approach also reduces the sensitivity of the strength pre-
dictions to the mesh density employed in the FE model.
4. Implementation

4.1. General

In this section, the proposed advanced analysis is applied to a
series of individual members, as well as continuous beams and a
frame, in order to illustrate how the CSM strain limits are able to
mimic local buckling, control the level of inelastic redistribution
of forces and moments, and capture the beneficial effects of
moment gradients. For comparison, the capacity predictions
according to EN 1993-1-1 are also shown. In all cases, calibrated
shell FE models featuring local geometric imperfections were
employed to provide benchmark results. The shell models were
developed in Abaqus [27] and solved using the modified Riks
method [28]. The quad-linearmaterial model described in Section 2
was adopted in the simulations.
4.2. Beams

The normalized bending capacity at the critical cross-section of
a series of beams with cross-sections of different local slenderness
analyzed under four-point bending and as a cantilever is shown in
Fig. 7, where Mmax is the maximum bending moment, Mpl is the
plastic moment capacity, and Mel is the elastic moment capacity.
It may be seen that application of the CSM strain limits to the beam
element models yields safe-sided predictions of the shell FE model
results across the range of cross-section slenderness. According to
EN 1993-1-1, there is an artificial ‘‘step” in bending capacity from
Class 2 to 3 cross-sections, which can be eliminated using the mod-
ified elastic–plastic bending capacity [29] to account for partial
yielding in Class 3 cross-sections. For Class 4 cross-sections, the
strain limits predict similar capacities to Eurocode 3 but avoid
the cumbersome calculation procedures associated with the effec-
tive width method. The shell FE models capture an increase in
bending capacity of 5%–10% across the range of cross-section slen-
derness from the uniform moment case to the cantilever case, due
to the beneficial influence of the moment gradient. Similarly, the
proposed advanced analysis using beam elements accurately pre-
dicts an increase of 2%–7% due to the moment gradient, which is
accounted for through the strain-averaging approach. On the other
hand, EN 1993-1-1 does not capture this effect and does not distin-
guish between the two cases, but predicts a single bending capac-
ity for each cross-section.



Fig. 7. Normalized bending capacity predictions from the shell FE model, proposed approach (i.e., beam FE model with strain limits), and EN 1993-1-1 for beams under
uniform moment and a moment gradient with varying cross-section slenderness. EC3: EN 1993-1-1.
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4.3. Continuous beams

At an isolated member level, there is no scope to allow for
moment redistribution. In indeterminate structures, however, such
as continuous beams, the benefits of the proposed method can
become even more significant. In addition to the local cross-
section strength and the effects of moment gradients, the collapse
load of an indeterminate system depends on the level of inelastic
force and moment redistribution. Fig. 8 shows the ultimate load
factor at collapse, au, normalized by the load factor at which the
first yield occurs, ael, for shell FE models of a series of continuous
beams under point loads P multiplied by load factor a, along with
the capacity predictions from the proposed method of design by
advanced analysis and Eurocode 3. EN 1993-1-1 only permits the
use of plastic analysis methods, which are able to capture the
redistribution of forces and moments as the material yields, for
Class 1 cross-sections. On the other hand, Class 2 cross-sections
must be analyzed elastically and thus benefit from no redistribu-
tion, even though some yielding occurs before their plastic
Fig. 8. Normalized bending capacity predictions from the shell FE model, proposed a
continuous beams with mid-span point loads and varying cross-section slenderness.
moment capacity is reached. The resulting steps in resistance pre-
dictions clearly do not reflect the shell FE results and are an overly
simplistic representation of reality. The use of a consistent
advanced analysis, in which the CSM strain limits define the
cross-section dependent level of permissible redistribution, is
shown to provide significantly more accurate capacity prediction.
The average capacity prediction for the 46 analyzed continuous
beams according to EN 1993-1-1 is 0.810 of the shell FE results,
with a coefficient of variation (COV) of 5.3%. In comparison, the
proposed method of design by advanced analysis predicts a mean
capacity of 0.924 of the shell FE results, with a COV of 4.9%.

4.4. Frames

Considering structural behavior at the frame level, a slightly
modified version of ‘‘Test frame 2,” as reported by Avery and
Mahendran [30], is used to illustrate the full benefits of the pro-
posed design method. The single bay portal frame comprised a sin-
gle Class 3 cross-section throughout. Compared with the original
pproach (i.e., beam FE model with strain limits), and EN 1993-1-1 for two-span



Fig. 9. Normalized load–strain response for a frame with a Class 3 cross-section. P: load of the frame; Mep: the elastic-plastic moment.
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test frame, the material model was adjusted to the quad-linear
material model described earlier with an elastic modulus E = 200
000 MPa, a yield stress fy = 360 MPa, and an ultimate stress
fu = 510 MPa, matching the measured flange material properties
of ‘‘Test frame 2.” The global sway imperfection was based on
the recommendations of EN 1993-1-1, while the member imper-
fections were taken as l/1000 in the most unfavorable direction,
where l is the member length; both P-D and P-d effects are there-
fore directly accounted for in the advanced analysis.

The load versus normalized strain (averaged over Lb from the
critical cross-section) responses of the shell and beam FE models
of the single bay portal frame are shown in Fig. 9. The measured
test collapse load of the frame was P = 135.0 kN. In the shell FE
model, some yielding is observed at the base of the right column
prior to local buckling and ultimately collapse of the frame at a
load of P = 133.9 kN. In contrast, the beam FE model cannot capture
the local buckling at the base of the column and reaches a global
sway failure at a peak load of P = 156.0 kN when allowing for
unlimited strains—clearly an unsafe situation, since the shell FE
collapse load is over-predicted by 16%.

To ensure safe capacity predictions, suitable cross-section and
member design checks are required by EN 1993-1-1 following an
elastic analysis of the structure; failure is predicted at a load of
P = 108.9 kN. This is conservative by 20% compared with the shell
FE model, since no account or benefit is taken from the spread of
plasticity. Allowing for partial plastification in Class 3 cross-
sections using a linear transition from the plastic to the elastic
bending moment capacity through the elastic-plastic moment
Mep [29] increases the failure load prediction to P = 116.9 kN.

The proposed method of design by advanced analysis defines
failure of the frame as the load level at which the CSM strain limit
of 1.35ey for a modeled cross-section with �kp = 0.626 is reached
(which occurs first at the base of the right-hand column). This
occurs at a load level of P = 127.0 kN, which is only 6% shy of the
shell FE collapse load. It should be emphasized again that the
strains considered in the averaging procedure are the extreme fiber
compressive flange strains of all elements fully contained within
Lb. The described frame example illustrates both the ease of appli-
cation of the proposed approach and the enhancements in design
efficiency that can be achieved.

5. Conclusions

Beam finite elements are commonly used to analyze steel struc-
tures. Plastic analysis methods are limited to compact cross-
sections that possess sufficient rotational capacity for plastic
hinges to develop and rotate to form a plastic collapse mechanism.
A new method of design by advanced analysis is presented,
whereby local buckling is mimicked by applying cross-section-
dependent strain limits obtained from the CSM. The proposed
method is able to capture the beneficial effects of local moment
gradients and predict realistic levels of force and moment
redistribution. It is shown that the proposed method is more
accurate than the current Eurocode 3 design approach, and thus
represents a step forward in enhancing the sophistication and
efficiency of structural steel design through advanced analysis.
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