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In this research, two novel folded lattice-core sandwich cylinders were designed, manufactured, and
tested. The lattice core has periodic zigzag corrugations, whose ridges and valleys are directed axially
or circumferentially. Free vibration and axial compression experiments were performed to reveal the fun-
damental frequency, free vibration modes, bearing capacity, and failure mode of the cylinder. A folded
lattice core effectively restricts local buckling by reducing the dimension of the local skin periodic cell,
and improves the global buckling resistance by enhancing the shear stiffness of the sandwich core. The
cylinders fail at the mode of material failure and possess excellent load-carrying capacity. An axially
directed folded sandwich cylinder has greater load-carrying capacity, while a circumferentially directed
folded sandwich cylinder has higher fundamental frequencies. These two types of folded lattices provide
a selection for engineers when designing a sandwich cylinder requiring strength or vibration. This
research also presents a feasible way to fabricate a large-dimensional folded structure and promote its
engineering application.

� 2020 THE AUTHORS. Published by Elsevier LTD on behalf of Chinese Academy of Engineering and
Higher Education Press Limited Company. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Carbon-fiber-reinforced composite (CFRC) anisogrid stiffened
cylinders and lattice truss sandwich cylinders are lightweight,
but have high load capacity and great rigidity. In recent years,
these structures have been increasingly accepted for use in aero-
space applications. Vasiliev et al. [1] reviewed the development
of anisogrid composite lattice structures and their application in
aerospace. Lovejoy and Schultz [2] developed the CFRC fluted-
core sandwich cylinder, which may be used in large-diameter cryo-
genic tanks for rockets. Researchers from China [3–11] developed
CFRC lattice-core sandwich cylinder technology, and demonstrated
that these structures are stronger and stiffer than a typical stiff-
ened cylinder. They also developed cylinders with a corrugated
core or bi-directional corrugated core [12,13], and concluded that
the corrugation design enlarges the node area and improves the
shear strength. Sun et al. [14] and Li and Fan [15] developed a
multi-failure criterion for both lattice-stiffened and lattice-core
sandwich cylinders. Recently, Li et al. [16] and Wu et al. [17]
designed and made hierarchical anisogrid cylinders, which possess
excellent mechanical performance.

Fold-core sandwich structures, which are regarded as a promis-
ing alternative to conventional lightweight honeycomb sandwich
structures, have many potential applications in aerospace, such
as for the aircraft fuselage barrel, rocket interstage, and cryogenic
tank. Cai et al. [18] discussed foldable structures in a cylindrical
shape via the quaternion rotation sequence method and assessed
the rigid foldability. Zhou et al. [19] developed a geometrical
design protocol for a cylindrical fold-core sandwich structure
based on the vertex method, and demonstrated that fold-cores out-
perform honeycomb cores in axial compression and radial crush
but have a lower radial stiffness when subjected to internal pres-
sure. Xiong et al. [20] and Yang et al. [21] fabricated sandwich
cylinders with longitudinal and circumferential corrugated cores
with a diameter of 116 and 142 mm, respectively, and demon-
strated that cylindrical shells with longitudinal cores have better
energy absorption ability than those with circumferential cores.
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Liu et al. [22] fabricated a CFRC cylindrical fold-core sandwich
structure with a diameter of 156.6 mm, and demonstrated through
theory and tests that its load-bearing capacity is several times
higher than the traditional grid-stiffened cylinder. According to
this research, the most important failure modes of these cylinders
are local buckling and face crushing, which were frequently
observed during the experiments.

In the present research, two novel CFRC folded lattice-core
sandwich cylinders are designed. Their fabrication methods are
put forward, and free vibration and axial compression tests are car-
ried out to investigate their mechanical properties.
2. Topology design of a folded lattice-core sandwich cylinder

The sandwich cylinder includes two carbon-fiber-reinforced
polymer (CFRP) skins and a lattice-core layer composed of cylindri-
cal folded cells. The direction of the folded core has contrary effects
on the strength and rigidity. Therefore, it is important to design the
folded core properly according to the different load conditions. For
load-bearing engineering structures, the folded core needs to have
a higher strength and rigidity in the axial direction, while for struc-
tures that need a higher free vibration frequency, the folded core
should possess high stiffness in the circumferential direction.

To meet the requirements of different applicative demands, two
sandwich cylinders are designed: an axially directed folded sand-
wich cylinder (AFSC) and a circumferentially directed folded sand-
wich cylinder (CFSC). In the AFSC, the core is formed with an
axially directed folded lattice cell, which periodically repeats both
circumferentially and longitudinally along the cylindrical shell sur-
face. In the CFSC, the core is formed with a circumferentially direc-
ted folded lattice cell.

2.1. Axially directed folded lattice cell

The topology of the axially directed folded lattice cell is illus-
trated in Fig. 1 [23]. Six parameters are defined in the flat unit cell
[23]: a1, a2, b1, b2, /1, and /2, with the stipulation that a1 < a2,
b1 < b2, and /1 > /2, where a and b are the creases of straight lines
and curves, / is the angles at which the creases are folded, as shown
Fig. 1. The axially directed folded lattice cell. (a) Crease pattern and constants; (b) confi
[23].

Fig. 2. The circumferentially directed folded lattice cell. (a) Crease pattern and constants;
axis orthogonal to the ridge and the valley [23].
in Fig. 1(a) [23]. Seven parameters are defined in the folded unit
cell: three dihedral angles which folded by plane faces, hA, hMZ,
and hVZ, and four edge angles which folded by creases, gMA, gMZ,
gVA, and gVZ, as shown in Fig. 1(b) [23]. Three parameters are
defined in the front projection: the center angles of related vertices
n, na2 , and nb1 , where the vertices lie along the arc of radius R1 and R2

(Fig. 1(c)) [23]. Based on triangle geometry and projected side
lengths, it can be concluded that this structure has only a single
degree of freedom (DOF). The relationships among these geometri-
cal parameters have been deduced by Gattas et al. [23] and are
listed in the Appendix A. In this research, the designed axially direc-
ted folded lattice is folded out of CFRC cloth with a1 ¼ 12:774mm,
a2 ¼ 16:484mm, b1 ¼ 23:094mm, b2 ¼ 25:240mm, /1 ¼ 69:295�,
/2 ¼ 58:859�, gMA ¼ 90�, gVA ¼ 94�, gMZ ¼ 120�, gVZ ¼ 90�, R1 ¼
311mm, and R2 ¼ 301mm.

2.2. Circumferentially directed folded lattice cell

The topology of the circumferentially directed folded lattice cell
is illustrated in Fig. 2 [23]. Unlike the axially directed folded cell,
according to the Kawasaki–Justin theorem [23], it is not a flat-
foldable pattern. Furthermore, eight parameters are defined in
the flat unit cell: a, w, bl, bs, /l, /s, /m, and /, with the stipulation
that bl < bs and /l < /s where a is straight line crease, bl and bs are
the curve creases, /l, /s, /m, and / are the angles folded by the
creases, w is the half length of the edge corresponding to as shown
in Fig. 2 [23].

In the same way as described for the axially directed folded cell,
gA and gZ are the edge angles. Two parameters are defined in the
front projection: the half center angles of related vertices f and
fk, where the vertices lie along the arc of radius R3 and R4, as shown
in Fig. 2 [23]. It also has a single DOF. The relationships among the
geometrical constants are deduced and given by the following:

R3 ¼ bs sin gZ=2ð Þ= 2 sin fð Þ ð1Þ

R4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R3 þ aþw= tan/ð Þ cos gA=2ð Þ½ �2 þw2

q
ð2Þ

sin fk ¼ w=R4 ð3Þ
guration variables; (c) front (r–h) projection. r is the polar axis; h is the polar angle

(b) folded configuration; (c) side (r–h) projection. f is half the angle of bl side; x is the
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The coordinates of the controls points are given by the
following:

rc ¼
R3 for odd j

R4 for even j

�
ð4Þ

where j is the control point number in the direction of x; rc is the
radius of the arc where the control point is located.

hc ¼

2 i� 1ð Þf for odd j

4i� 4ð Þf=3 for even j and mod i;3ð Þ ¼ 1
4i� 2ð Þf=3� fk for even j and mod i;3ð Þ ¼ 2
4i� 6ð Þf=3þ fk for even j and mod i;3ð Þ ¼ 0

8>>><
>>>:

ð5Þ

where hc is the angle of control point in side (r–h) projection; i is the
control point number in the direction of h.

xc ¼

j� 1ð Þa sin gA=2ð Þ for odd j and odd i

j� 1ð Þa� bs cos/½ � sin gA=2ð Þ for odd j and even i

j� 1ð Þa sin gA=2ð Þ for even j and mod i;3ð Þ ¼ 1

j� 1ð Þa� bs cos/þw= tan/½ � sin gA=2ð Þ for even j and mod i;3ð Þ–1

8>>>>><
>>>>>:

ð6Þ

where xc is the length orthogonal to the ridge and the valley in the
crease pattern.

In this research, the designed circumferentially directed folded
lattice is folded out of CFRC cloth with a ¼ 12:10 mm,
bl ¼ 32:14 mm, bs ¼ 35:36 mm, w ¼ 2:5 mm, / ¼ 51�, gA ¼ 90�,
gZ ¼ 126�, f ¼ 3�, fk ¼ 0:92�, R3 ¼ 301 mm, and R4 ¼ 311 mm.
Fig. 3. Two folded lattice cores. (a) Axially directed folded

Fig. 4. Manufacturing process of the CFRC AFSC. (a) The fold-core made by the hot-pre
(c) adhering the fold-core and skins; (d) the completed cylinder after finishing the oute
3. Fabrication

In this research, the diameter of all the cylinders is 625 mm and
the height is 375 mm; these are close to the dimensions of Kim’s
stiffened cylinder [24], which is the reference for the design. Com-
pared with Xiong’s cylinder [20], the diameter is four times larger,
resulting in a more difficult manufacturing process. Two sandwich
cylinders were fabricated with the two types of folded lattice cores
designed above, as shown in Fig. 3. The designed mass is 3.86 kg for
the AFSC and 3.81 kg for the CFSC. T700/Epoxy-resin carbon fibers
were applied to fabricate the cylinder. The tensile strength of the
carbon fiber is 4300 MPa and the Young’s modulus is 240 GPa.
3.1. The axially directed folded sandwich cylinder

The fabrication process of the AFSC is shown in Fig. 4. The pro-
cess includes four main steps: manufacturing the fold-core by the
hot-pressing method, manufacturing the inner skin, adhering the
fold-core and inner skin, and manufacturing the outer skin.

When manufacturing a fold-core, a metallic mold is first pre-
machined according to the folded lattice geometry, as shown in
Fig. 3(a). The mold is composed of two parts: a convex part and a
concave part. The central angle of the molds is 60�. A pre-
prepared 1 mm thick prepreg lay-up of [0�/90�/90�/0�]s (s repre-
sents symmetry lay-up) is put into the concave part and manually
pressed tightly to prevent the fracture of fiber; next, the convex
part is clenched together with the concave part, and a hot-press
molding technique is applied to form six pieces of AFSC lattice with
a thickness of 10 mm, respectively. The six pieces are assembled
together in a subsequent process to form an integral lattice core.
To ensure the continuity and integrity of the assembly, both parts
lattice; (b) circumferentially directed folded lattice.

ssing method; (b) the inner skin is made by filament winding and lay-up placing;
r skin.
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of the metallic mold should have high precision, and the irregular
edges of the lattice should be corrected carefully after demolding.

The manufacture of the inner skin follows this process: winding
the filament [0�], placing the lay-up [90�/90�], winding the fila-
ment [0�], placing the lay-up [90�/90�], and continuing to repeat
the above operations. First, the filament is wound circumferentially
to form the first thin layer; next, two prepreg layers with a fiber
direction along the axis of the cylinder are placed on the first layer
to form the second and third thin layers. Following this, the fila-
ment is wound circumferentially outside the prepreg layers. These
operations are repeated until the skin thickness reaches 1 mm, so
the fiber mode of the inside skin is [0�/90�/90�/0�]s. The six pre-
made pieces of lattice are then adhered onto the surface of the
inner skin by resin to form the core of the sandwich cylinder, as
shown in Fig. 4(c).

In the manufacture of the outer skin, a prefabricated thin CFRP
sheet is first adhered to the core to ensure the bonding strength
between the core and outer skin. Next, the process is followed until
the thickness of the outer skin reaches 1 mm: winding the filament
[0�], placing the lay-up [90�/90�], winding the filament [0�], placing
the lay-up [90�/90�], and repeating the above operations. Finally,
the sandwich cylinder is cured at 100 �C for 2 h, at 150 �C for
6 h, and then gradually cooled to room temperature in 2 h. After
demolding, the cylinder is as shown in Fig. 4(d), and its fiber con-
tent is about 40%.
Fig. 5. The manufacturing process of the CFRC CFSC. (a) A fold-core made by the hot
(c) adhering the fold-core and skins; (d) the completed cylinder after finishing the oute

Fig. 6. Free vibration test (a) scheme and (b) f
3.2. The circumferentially directed folded sandwich cylinder

The fabrication process of the CFSC is the same as that of the
AFSC, as shown in Fig. 5; the mold for the fold-core is as shown
in Fig. 3(b).
4. Free vibration behaviors

Through the force-hammer excitation method, free vibration
experiments were performed on the two cylinders under end-
free boundary conditions at the State Key Laboratory of Mechanics
and Control of Mechanical Structures.

During the test, the cylinder was placed on the rubber ring to
simulate free vibration, as shown in Fig. 6(a). The test equipment
contains a power hammer, a modal analysis system, a charge
amplifier, and three acceleration sensors. The cylinder, simplified
as an n-DOF system, is impacted at one point by a hammer, and
its response is measured by accelerometers at three fixed points.
Moving the excitation point from point 1 to point 64 and keeping
the response points fixed, the system’s frequency response func-
tion matrix can be measured; the natural frequencies and vibration
modes can then be obtained.

The first 10 orders of natural frequencies are displayed in
Fig. 6(b), and the modes are depicted in Fig. 7. For the first mode,
-pressing method; (b) inner skin made by filament winding and lay-up placing;
r skin.

requencies and damping of the cylinders.



Fig. 7. Free vibration modes of (a) the AFSC and (b) the CFSC. Freq: frequency; Damp: damping.
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the cylinder vibrates circumferentially from a circle to an oval, as
shown in Fig. 7. Along the longitudinal direction, the cylinder has
an identical motion phase. The second mode has an identical fre-
quency as the first order, while their vibration shapes are along
two orthogonal directions. The third and fourth orders have two
circumferential waves and one longitudinal wave. The motions of
the two cylinder ends have a phase difference of 180�. After that,
the mode shape of the cylinder extends to form a triangular shape
and a rectangular shape with higher frequency, as shown in Fig. 7.
The rule of the lobe development is consistent with that of a uni-
form thin-walled cylinder.
As compared in Fig. 6(b), the first-order natural frequency is
66.01 Hz for the AFSC and 84.28 Hz for the CFSC. All the natural fre-
quencies of the CFSC are higher than the corresponding frequencies
of the AFSC, indicating that the CFSC has greater circumferential
rigidity and is preferable for the design of vibration control.
5. Axial compression behaviors

The axial compression behaviors of the cylinders were tested on
an American brand of testing machine (MTS) universal test system



Fig. 8. (a) Compression experiment and (b) displacement curve for the CFRC AFSC.
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at a loading rate of 0.2 mm�min�1, as shown in Fig. 8(a). Twelve
strain rosettes were adhered to the outer surface of the cylinder,
as shown in Figs. 6(a) and 8(a). Each strain rosette contains three
gauges to measure the strains directed along the cylinder (90�),
around the cylinder (0�), and along the diagonal direction (45�).

The compression curve of the AFSC is displayed in Fig. 8(b). As
the load increased, a small cracking sound caused by the debond-
ing between the skin and the core could be heard near the end of
the elastic deformation phase. When the displacement reached
3.28 mm, the load reached its peak value, 293.4 kN. Brittle failure
then occurred in the cylinder, and the load dropped abruptly. The
axial compression rigidity was 123.5 kN�mm�1. The measured
strains are displayed in Fig. 9. At failure, the maximum strain
appeared at the lower end; its value was 4750 le.

The strain distribution for a cylinder is not ideally uniform, and
failure always initiates somewhere with defects or stress concen-
trations. For the AFSC, the failure was located near the ends and
the fractures extended around the cylinder, as shown in Fig. 10.
No buckling was observed in the test, and the cylinder failed with
facesheet crushing.

The compression curve of the CFSC is displayed in Fig. 11(b).
A small cracking sound caused by the debonding between the
skin and the core was again heard near the end of the elastic
deformation phase. Subsequently, the cylinder approached its peak
Fig. 9. Strain curves o
force when the displacement was 2.79 mm, and then entered into
post-failure deformation, as shown in Fig. 11. Therefore, the CFSC
has better ductility than the AFSC under axial compression. The
failure load of the CFSC was 191.0 kN, which is much smaller than
that of the AFSC. The axial compression rigidity was
113.4 kN�mm�1, which is also smaller than that of the AFSC.

In comparison with Kim’s stiffened CFRC cylinder with a diam-
eter of 625 mm, height of 368 mm, and weight of 3.24 kg [25], the
failure load of the CFSC is about 1.5 times higher, as shown in
Fig. 11(b), while that of the AFSC is about 2.5 times higher. The
axial rigidities of both the CFSC and AFSC are much higher.

The measured strains are displayed in Fig. 12. At failure, the
maximum strain appears at the upper end with a value of 3949
le, a little smaller than the value of the AFSC. The failures are
located at one third of the height from the lower end, and the frac-
tures extend around the cylinder, as shown in Fig. 13. The cylinder
also fails with facesheet crushing.

The two cylinders have an identical facesheet, such that the
peak force depends on the direction of the folding. The shear
modulus is much higher along the ridge and the valley than
orthogonal to the ridge and the valley, as is the bending rigidity.
These contributions to the integral rigidity and the shear rigidity
improve the global buckling resistance induced by bending or core
shear. The corrugation also has a greater axial compression
f the CFRC AFSC.



Fig. 10. Failure mode of the CFRC AFSC. (a,b) Facesheet crushing at upper edge;
(c,d) facesheet crushing at lower edge.
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strength along the ridge and the valley than orthogonal to the ridge
and the valley. When the ridges are axially directed, all these fac-
tors make important contributions to the load bearing. When the
ridges are circumferentially directed, the wave core makes little
contribution to the axial load bearing. Therefore, the AFSC is
preferable in terms of strength design.
Fig. 11. (a) Compression experiment and (b)

Fig. 12. Strain curves f
6. Discussion

6.1. Mechanical behaviors

In comparison with a corrugated-core sandwich cylinder [25], a
folded sandwich cylinder transforms the straight corrugation into
two types of zigzag corrugation, as shown in Fig. 14. This change
in geometry alters the mechanical performance.

According to the structural characteristics, straight corrugation
has the highest axial rigidity, and can have a high mass efficiency
under axial compression. By transforming the straight corrugation
into zigzag corrugation, the axial rigidity is redistributed in the cir-
cumferential direction; thus, the axial rigidities of the three struc-
tures are ordered as follows, from largest to smallest: straight
corrugation, axially directed folded lattice, and circumferentially
directed folded lattice. The axial load-bearing ability is positively
correlated with the axial rigidity, so the failure loads of these three
structures under axial compression are ordered as follows, from
largest to smallest: straight corrugation, axially directed folded lat-
tice, and circumferentially directed folded lattice, when they fail at
the same mode, material yielding, or buckling. As shown in the test
result, the failure load of the sandwich cylinder with a core of axi-
ally directed folded lattice is 293.4 kN, so it is much stronger than
the cylinder with a core of circumferentially directed folded lattice,
displacement curve for the CFRC CFSC.

or the CFRC CFSC.



Fig. 14. Transformation of straight corrugation into zigzag corrugation.

Fig. 13. Failure mode of the CFRC CFSC. (a,b) Facesheet crushing at outer skin;
(c,d) facesheet crushing at inner skin.
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whose failure load is 191.0 kN. With higher axial rigidity, the well-
designed sandwich cylinder with a straight corrugation core, diam-
eter of 625 mm, height of 375 mm, and weight of 3.24 kg has a fail-
ure load of 415.6 kN, which is much higher than those of the two
fold-core cylinders [25].

The circumferential rigidities of the three structures have an
opposite relationship with the axial rigidities, as follows: circum-
ferentially directed folded lattice > axially directed folded
lattice > straight corrugation. Their free vibration frequencies have
complex connections with both the axial rigidity and circumferen-
tial rigidity, but the frequencies are more closely connected with
the weak rigidity when the anisotropy of rigidity is strong. Further-
more, for the zigzag corrugation, the shear resistance is anisotro-
pic. The shear modulus is much higher along the ridge and the
valley than orthogonal to the ridge and the valley, as is the bending
rigidity. When the folded lattice is circumferentially directed, the
higher shear stiffness can improve the rigidity of the sandwich
shell by reducing the shear-induced deflection, which is an impor-
tant contribution to the integral deflection of the sandwich struc-
ture. In addition, its bending rigidity makes a non-ignorable
contribution to improve the integral rigidity. Therefore, the natural
frequencies of the CFSC are much higher than those of the AFSC, as
validated by the test result. It can be predicted that the cylinder
with a straight corrugation core in Ref. [25] would have lower
natural frequencies than both the CFSC and AFSC.

Other than improving the fundamental frequency, there are
other advantages for folded lattice-core cylinders. First, adopting
zigzag corrugation can restrict the local buckling of the facesheet,
while this failure mode was often observed in axial compression
of the straight-corrugated-core sandwich cylinder [25]. Second,
zigzag corrugation also enhances the shear resistance by increasing
the bonding area compared with straight-corrugated-core
cylinders, and improves the global buckling resistance. Third, the
folded lattice-core sandwich has an open configuration, so the
cylinders would have the property of air permeability, which can
meet the requirements of some multi-function designs, especially
in aerospace engineering.

6.2. Evaluation of fabrication method

The fabrication of the cylindrical folded lattice core in this
research is easy to achieve, which might be the key to promote
the engineering application of the folded core sandwich cylinder.
Liu et al. [22] fabricated a CFRC cylindrical fold-core sandwich
structure using the mold-pressing method and that structure has
excellent mechanical properties, although the fabrication method
would be limited in the case of a larger cylinder design. In the pre-
sent research, the integral fold-core was split into six identical
parts. Each part was manufactured by hot-pressing using metallic
molds. This method is now easy to realize. Furthermore, the use
of filament winding and lay-up placing to make the cylindrical
facesheet is a mature technique. Therefore, the present research
presents a successful and feasible way to make a large-
dimensional folded structure and promote its engineering applica-
tion. Aspects that remain to be improved are the fiber content and
the pressure control in the curing process.
7. Conclusions

In this research, two novel folded lattice-core sandwich cylin-
ders with two types of cores were designed and fabricated. Their
free vibration and axial compression behaviors were investigated
through tests. The following conclusions were made:

(1) The manufacturing process of the CFRC fold-core sandwich
cylinder was realized through mold-pressing, filament-winding,
and lay-up placing techniques. By fabricating six repeated pieces
of the lattice and assembling them to form an integral core layer,
it is feasible to create large-dimensional folded lattice-core
cylinders.

(2) The zigzag topology of the corrugation in the folded lattice
enhanced the shear resistance of the core by increasing the bond-
ing area with the skins, and improved both the global and local
buckling resistance. The AFSC and CFSC have different advantages
in terms of mechanical properties due to their geometric character-
istics, resulting in wider potential applications in engineering.

(3) Both the AFSC and CFSC freely vibrate like typical short
sandwich cylinders, with the modes changing from oval, to trian-
gular, to quadrangular. The CFSC has higher circumferential rigid-
ity and shear stiffness, leading to higher natural frequencies than
the AFSC, so the CFSC is preferable when designing structures with
strict frequency requirements.

(4) In the axial compression test, both the AFSC and CFSC failed
at the facesheet crushing mode; however, their bearing capacities
differed because of the different folding directions of their cores.
Due to its higher rigidity in the axial direction, the AFSC has a
greater peak load under compression, so it is preferable in terms
of strength design.
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Appendix A

The relationships among the geometrical constants of the axi-
ally directed folded lattice were deduced by Gattas et al. [23] and
were used to design the cylinder; they are cited below:

1þ cosgMZð Þ 1� cosgMAð Þ ¼ 4 cos2 /1 ðA1Þ

cosgMA ¼ sin2 /1 cos hMZ � cos2 /1 ðA2Þ

cosgMZ ¼ sin2 /1 cos hA þ cos2 /1 ðA3Þ

1þ cosgVZð Þ 1� cosgVAð Þ ¼ 4 cos2 /2 ðA4Þ

cosgVA ¼ sin2 /2 cos hVZ � cos2 /2 ðA5Þ

cosgVZ ¼ sin2 /2 cos hA þ cos2 /2 ðA6Þ

n ¼ gVA � gMA ðA7Þ

R1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 þ a22 � 2a1a2 cosgVA

� �
= 2 1� cos nð Þ½ �

q
ðA8Þ

R2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 þ a22 � 2a1a2 cosgMA

� �
= 2 1� cos nð Þ½ �

q
ðA9Þ

The coordinates of the controls points are given by the
following:

ra ¼
R1 for odd j

R2 for even j

�
ðA10Þ

where j is the control point number in the direction of x; ra is the
radius of the arc where the control point is located.

ha ¼

j� 1ð Þn=2 for odd i and odd j

j� 1ð Þn=2þ nb1 for even i and odd j

j� 1ð Þn=2þ n� na2 for odd i and even j

j� 1ð Þn=2þ nb1 þ na2 for even i and even j

8>>>>><
>>>>>:

ðA11Þ

where i is the control point number in the direction of h; ha is the
angle of control point in side (r–h) projection.

y ¼ i� 1ð Þb1 sin gMZ=2ð Þ ðA12Þ

cos na2 ¼ R2
1 þ R2

2 � a22
� �

= 2R1R2ð Þ ðA13Þ

cos nb1 ¼ 2R2
1 � b2

1 cos
2 gMZ=2ð Þ

h i
= 2R2

1

� �
ðA14Þ
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