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a b s t r a c t

Fast and accurate transient stability analysis is crucial to power system operation. With high penetration
level of wind power resources, practical dynamic security region (PDSR) with hyper plane expression has
outstanding advantages in situational awareness and series of optimization problems. The precondition
of obtaining accurate PDSR boundary is to locate sufficient points around the boundary (critical points).
Therefore, this paper proposes a space division and Wasserstein generative adversarial network with gra-
dient penalty (WGAN-GP) based fast generation method of PDSR boundary. First, the typical differential
topological characterizations of dynamic security region (DSR) provide strong theoretical foundation that
the interior of DSR is hole-free and the boundaries of DSR are tight and knot-free. Then, the space division
method is proposed to calculate critical operation area where the PDSR boundary is located, tremen-
dously compressing the search space to locate critical points and improving the confidence level of
boundary fitting result. Furthermore, the WGAN-GP model is utilized to fast obtain large number of criti-
cal points based on learning the data distribution of the small training set aforementioned. Finally, the
PDSR boundary with hyperplanes is fitted by the least square method. The case study is tested on the
Institute of Electrical and Electronics Engineers (IEEE) 39-bus system and the results verify the accuracy
and efficiency of the proposed method.

� 2024 THE AUTHORS. Published by Elsevier LTD on behalf of Chinese Academy of Engineering and
Higher Education Press Limited Company. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The access of high percentage of renewable energy sources
brings great uncertainty to the power system [1,2] and leverage
the power system stability facing massive risks and challenges
[3,4]. Recently, large-scale power blackout accidents have been
closely associated with power system transient instability [5].
Therefore, fast and accurate transient stability [6,7] analysis is
urgently needed to ensure secure operation of power systems.

Point-by-point method [8], which conducts time-domain simu-
lation to judge stability results point by point, has been long-time
used to analyze the security and stability of power system. Dynamic
security region (DSR), developed on the basis of point-by-point
method, is defined in the node injection space before the accident,
and refers to the set of points which can still satisfy the transient
power angle stability of the system after the accident. DSR imple-
ments offline calculation and online application, which not only
judges the system stability, but obtains the security margin and

control direction based on the relative position between the operat-
ing point and the DSR boundary [9]. The DSR boundary can be
approximated by one or a few hyperplanes (HPs), called practical
DSR (PDSR) [10]. Owing to the availability of convenient and con-
cise expressions, the PDSR is a powerful tool for solving optimiza-
tion problems with transient power angle stability constraints
and power injection uncertainties, providing schedulers with plen-
tiful system state information and control decision reference
[11,12] and having good prospects for engineering applications.

Traditionally, the typical methods for the PDSR boundary gener-
ation include analytical methods [13] and fitting methods [14]. The
analytical method derives an analytical formula of the PDSR
boundary based on the mapping relationship between the node
power injection and system transient stability state. Ref. [13]
derives a PDSR boundary analytical expression which is more con-
venient to calculate based on the property that the security region
boundaries are parallel to each other with small injection changes.
Ref. [15] quickly identifies the instability modes of the critical
points around the initial operating point and provides suggestions
for critical points searching of the analytical method. The fitting
method fits the expression of PDSR boundary based on a large
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number of critical points by time-domain simulation, where criti-
cal points are the operating points of the transition state between
the stable and unstable states. Ref. [14] obtains the PDSR boundary
based on the orthogonal point selection method and the least
square method, which lays the foundation for many relevant
researches. Ref. [16] applies PDSR to the actual large scale power
system of Central China Branch of State Grid Corporation of China,
proving the practicality of PDSR boundary and its relevant proper-
ties. The above researches show that the analytical methods only
search very few critical points with fast calculation speed, but fail
to meet high calculation accuracy because of the power system
complex model. Whereas, the fitting methods focus on calculation
accuracy performance, which is done at the expense of time con-
sumption (i.e., with increasing scale of the power system, higher
power injection space dimensions require more work on time-
domain simulation). Therefore, how to obtain PDSR boundary con-
sidering accuracy and efficiency simultaneously plays a crucial role
in practical engineering application.

Data driven or hybrid data driven method for obtaining the
boundary is proposed recently. Relief method [17] is utilized to
identify the key generators and reduce the data dimension. Gener-
ative adversarial network (GAN) [18–21] is used for date augment
and to obtain boundaries based on the distribution of massive
stable and unstable points. Refs. [22–24] apply advanced deep
learning methods to evaluate transient stability, which rely on
time-domain simulation to generate numerous operating points
with corresponding transient stability labels as train sets. How-
ever, it is time consuming to generate the datasets. Since the oper-
ating points farther from the boundary contain less information
about transient stability state, it is more efficient to generate oper-
ating points close to the boundary rather than within the whole
injection space. Nevertheless, it lacks relevant demonstration
about the confidence region of critical point distribution, that is
there is no guarantee that generated points are exactly distributed
on the boundary or very close to it.

This paper proposes a space division and Wasserstein GAN with
gradient penalty (WGAN-GP) based method for PDSR boundary
fast generation. First, the typical differential topological characteri-
zations of DSR are denseness, continuity, and compactness, which
provide strong theoretical foundation for searching for critical
points only in a small space instead of the whole injection space.
The space division method is promoted to compress the search
space by dividing the injection space into three areas. A small set
of critical points can be searched only in the critical operating area
where the PDSR boundary is located. Then, with Wasserstein dis-
tance and gradient penalty as the loss function, the WGAN-GP
model is utilized to generate large number of critical points in
the critical operating area, realizing data augment of the critical
points aforementioned. Finally, the PDSR boundary with HPs is fast
fitted based on the least square method, which enables efficient
and accurate power system transient stability assessment.

The remainder of this paper is organized as follows. Section 2
formulates the definition of DSR and PDSR and provides the typical
differential topological characterizations of DSR. Section 3 intro-
duces the space division method. Section 4 addresses the imple-
mentation of the proposed method. The experimental results and
discussions are shown in Section 5, and conclusions are drawn in
Section 6.

2. Dynamic security region

2.1. Dynamic security region

DSR is the set of points in the pre-accident injection space,
which can guarantee the transient stability of the power system

after the accident. In high-voltage alternating current (AC) power
grid, it can be assumed that the reactive power can be balanced
in location, and the effect of the change of active power on the
magnitude of the voltage is very small and negligible. Then, the
DSR can be studied only in the space of the active power injection.
The change in state of the system from the occurrence of a distur-
bance to its removal can be represented by a set of differential
equations.

_xbðtÞ ¼
f iðxbðtÞÞ;
f FðxbðtÞÞ;
f jðxbðtÞÞ;

8><
>:

�1 < t < 0
0 � t < s
s � t < þ1

ð1Þ

where i and j are the power system structure before and after the
disturbance, respectively; F denotes the power system structure
in the disturbance; t denotes the time phase of the power system;
xbðtÞ denotes injection power vector at time t; s is the duration of
the disturbance; and f(�) denotes the mapping relation from the
decision space to the state of the system; _xbðtÞ denotes the transient
stable state of the power system at time t. Specifically, the DSR
Xdði; j; sÞ is defined as follows.

Xdði; j; sÞ , fxbjxdðxbÞ 2 AðxbÞg ð2Þ
where xdðxbÞ is the system state at the moment of disturbance clear-
ance; AðxbÞ is the transient stability region of the equilibrium point
determined by the injection power vector xb in the state space after
the disturbance. The mapping relationship between the DSR
Xdði; j; sÞ and the transient stability region AðxbÞ is shown in Fig. 1.

2.2. Typical differential topological characterizations of DSR

For the power system structure preserving model [25], the sys-
tem state can be expressed as x ¼ d;xð Þ, where d denotes the phase
angle vector of the load bus and generator bus of the system, and
x ¼ _d denotes the frequency deviation vector of the bus. The gra-
dient system is defined as follows.

_d ¼ � oVp dð Þ
od

ð3Þ

where Vp represents the potential energy function of the system.
According to Eq. (2), define the DSR Xgði; j; sÞ of the gradient

system.

Xgði; j; sÞ , fxbjxgðxbÞ 2 AgðxbÞg ð4Þ

xdðxbÞ ¼ xgðxbÞ;x
� � ð5Þ

where xg xb

� �
is obtained by the projection of the system instanta-

neous state xd xb

� �
at the time of the accident clearance on the

d-space. Ag indicates the stability region of the original system
and oAg denotes the stability region boundary which is also known

Fig. 1. Mapping relationship between DSR and transient stability region. xc: the
injection power vector mapped to the post-accident injection space.
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as the potential energy surface. Ag xb

� �
is the stability region corre-

sponding to the gradient system.
The nonlinear autonomous dynamic system satisfies the follow-

ing assumptions: ① All equilibrium points on the stability bound-
ary are hyperbolic; ② both stable and unstable manifolds of the
equilibrium point on the stability boundary satisfy the transversal-
ity condition; ③ the number of equilibrium points on the stability
boundary is finite; ④ every trajectory of the stability boundary
tends to an equilibrium point as time goes to infinity.

Then, it can be deduced that the gradient system of power sys-
tem is structurally stable [26]. Based on the special properties of n-
dimensional gradient systems and the potential energy boundary
surface (PEBS) approach, the differential topological characteriza-
tions of the DSR of original system can be proved by the DSR of gra-
dient system.

(1) For any point y belonging to Xgði; j; sÞ, there is always a
unique gradient system _d ¼ �oVp dð Þ=od corresponding to the point,
which is first-order continuous differentiable, expressed as C1.
Thus, there exists a mapping b �ð Þ : xb ! �oVp=od;8xb 2 Xg i; j; sð Þ,
which is continuous and b�1 �ð Þ is also continuous. Thus, b �ð Þ is
homeomorphism. In this case, the set of gradient systems and
the corresponding DSR Xgði; j; sÞ have the same topology under
homeomorphism b �ð Þ.

Thus, it can be deduced that the gradient systems correspond-
ing to xb belongs to Xgði; j; sÞ, are structurally stable.

Moreover, at any point within the boundary of the correspond-
ing stability region of xb, the gradient vector field
f dð Þ ¼ �oVp dð Þ=od points inward along the boundary of the stabil-
ity region. According to the structural stability theory, the set of
gradient systems corresponding to xb is dense and the DSR
Xgði; j; sÞ is also dense.

In order to further demonstrate that the DSR Xd i; j; sð Þ of the
original system is dense, an approximate description of the local
boundary near the kth unstable equilibrium point (UEP) ðd̂k;0Þ on
the stability boundary of the original system can be used to obtain
the approximate DSR, which is defined as follows.

X
�
dði; j; sÞ , fxbjxdðxbÞ 2 A

�
ðxbÞg ð6Þ

where, A
�
ðxbÞ is a stability region determined by the energy of the

relevant UEP as the critical energy, expressed as follows.

oA
�

xb
� �

,
[
k

oV
�

d̂k;0
� �

ð7Þ

where oV
�

d̂k;0
� �

, d;xð ÞjV d;xð Þ ¼ V d̂k;0
� �

¼ Vp d̂k

� �n o
. Then,

proving that the approximate DSR is dense can verify the DSR of
the original system is dense.

Assume that the trajectory of the accident tends to the stable
manifold of the kth UEP ðd̂k; 0Þ on the boundary of the original sys-
tem. According to Eqs. (6) and (7) and relevant theory of the energy

function, 8xb1 2 X
�
dði; j; sÞ, Eq. (8) is established.

Vp xgðxb1Þ
� � ¼ V xgðxb1Þ; 0

� �
< V xdðxb1Þ

� �
< V d̂k;0

� �
¼ Vp d̂k

� �
ð8Þ

Since the potential energy function Vp of the original system is

the energy function of the gradient system, the energy Vp d̂k

� �
at

the relevant UEP is the smallest on the stable boundary of the gra-
dient system. Therefore, xgðxb1Þ belongs to Ag (i.e., xb1 belongs to

Xdði; j; sÞ). And X
�
dði; j; sÞ � Xgði; j; sÞ, X

�
dði; j; sÞ is also dense.

In addition, it is considered that the method based on UEP in
transient stability analysis of power system usually has an accept-
able accuracy range. The approximate DSR determined by the cor-

relation UEP method is close to the real DSR, so it can be inferred
that the DSR Xdði; j; sÞ is open and dense.

(2) The essence of the phenomenon of ‘‘knotting” on the bound-
ary of DSR is that the manifold on the boundary has a limit cycle or
chaotic motion. However, since the boundary of the stability region
satisfies the assumptions ①–④, it can be seen that the system will
not have bifurcation. There will be no bounded oscillation like the
limit cycle or chaotic motion. Therefore, the boundary of DSR is
knot-free and the DSR Xdði; j; sÞ is connected.

(3) According to (1), the DSR is open, and the boundary of the
open set is a closed set. Thus, the boundary of DSR is a closed
set. Since the injection power is within the upper and lower con-
straints, the boundary is bounded. Therefore, the boundary of
DSR is compact.

It can be concluded that the typical differential topological
characterizations of DSR are denseness, continuity, and compact-
ness, that is the interior of DSR is hole-free and the boundaries of
DSR are tight and knot-free. And the proof detail can be referred
to the Refs. [27,28]. The typical characterizations lay a solid theo-
retical foundation for searching for critical points only in a small
space instead of the whole injection space.

2.3. Practical dynamic security region

In practical engineering, it is assumed that the reactive power of
the high-voltage AC power system is balanced locally. Then, given
system topology, accident type, and clearance time, DSR can be
approximated by one or a few HPs, called PDSR. In n-dimensional
space, the above HPs can be depicted as follows.X

avPv ¼ 1;8v 2 ð1; :::;nÞ ð9Þ

where ða1; :::;anÞ is the coefficient vector; ðP1; :::;PnÞ is the active
injection power vector of critical points. According to the character-
istics of PDSR, it is generally considered that the operating point sat-
isfying

P
avPv < 1 is transiently stable, while the one satisfyingP

avPv > 1 is transiently unstable.

3. Space division method

Provided the differential topological characterizations of DSR
with denseness, continuity, and compactness, space division
method precisely determines the critical operating areawhere criti-
cal points are concentrated in, owing to the fact that critical points
are not uniformly distributed in the whole injection space, but in a
specific area. Then, a large number of critical points can be fast
obtained just in the critical operating area instead of the whole
injection space, which is time-saving by compressing the search
space.

Space division method divides the node active power injection
space into three parts, including stable operating area with concen-
trated distribution of stable operating points, unstable operating
area with concentrated distribution of unstable operating points,
and critical operating area with concentrated distribution of criti-
cal operating points and the PDSR boundary. The schematic of
the divided node injection space is shown in Fig. 2, where S0 indi-
cates the reference point, crP is the set of critical points, and Dl rep-
resents the average Euclidean distance between the reference
point and the set of critical points (l). a� Dl; b� Dl½ � denotes the
critical operating area, where a and b are coefficients which guar-
antee the engineering error is within a reasonable range.

Since the critical points are within the critical operating area,
the initial critical point determined by dichotomy and time-
domain simulation can be utilized to calculate the critical operat-
ing area, guiding the acquisition of more critical points. Moreover,
the reference distance from the reference point to the boundary is
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roughly equivalent to the distance between the reference point and
the critical points. Then, the critical operating area can be deter-
mined by computing the distance between the reference point
and the critical points. The flowchart for calculating critical operat-
ing area is shown in Fig. 3 and the specific calculation method is as
follows.

The Euclidean distance dq between the reference point S0 and
the qth critical point crPq is calculated as follows.

dq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S0 G1 � crPq G1
� �2 þ :::þ S0 L1 � crPq L1

� �2 þ :::

q
ð10Þ

where G1 is the first generator and L1 is the first line load.
Take the Euclidean distance d1 between the reference point S0

and the first critical point crP1 as the initial reference distance
D1, and the critical operating area can be derived as
a� D1; b� D1½ �, where a is set to 0.8 and b is set to 1.2.

When a new critical point is searched, the critical operating area
a� Dl; b� Dl½ � is updated based on the average Euclidean distance
Dl between the reference point and l critical points that already
searched.

Dl ¼ d1 þ :::þ dnð Þ=n ð11Þ
Calculate the Euclidean distance d0 between the reference point

S0 and the operating point P.

d0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S0 G1 � PG1ð Þ2 þ :::þ S0 L1 � PL1ð Þ2 þ :::

q
ð12Þ

During the application process, by comparing the values of d0
and Dl, the location relationship between the operating point and
the critical operating area can be determined. Then, space division
method can guide the searching for critical points in the critical
operating area. If the operating point is located within the critical
operating area, continue searching and calculating based on the
dichotomy and time-domain simulation. If the operating point is
located outside the critical operating area, it indicates that the
operating point is not a critical point. Then change the injection
power and calculate the next operating point.

4. Proposed methodology

The focus of PDSR boundary fast generation is to search suffi-
cient critical points among massive operating points. Meanwhile,
the precision of the critical points guarantees the high-accuracy
of the fitted boundaries. However, the expansion of the system
scale explodes the number of critical points to be obtained, contin-
uously increasing the calculation burden.

To address the limitation, the framework of the proposed
method is illustrated in Fig. 4. Under given scenario, accident type,
and clearance time, calculate the first critical point and obtain the
initial operating area. Then space division method is promoted to
compress search space for calculating a small training set of critical
points just in the critical operating area. Additionally, WGAN-GP
model is utilized to fast-generate numerous critical points in the
critical operating area by learning the data distribution of the set
of critical points. Finally, the PDSR boundary with HPs is fitted by
the least square method. The key steps are elaborated in the
sequel.

4.1. Fast search for a small number of critical points

A small number of critical points are searched by space division
and Relief to compress the search space and reduce the feature
dimension. And to ensure reliable samples and accurate calcula-
tions, obtain at least one-third of the required number of critical
points. The flowchart of critical points searching method is shown
in Fig. 5 and the key steps is as follows.

Step 1: Identify the key units closely related to the system sta-
bility based on the Relief algorithm and the massive operatingFig. 2. Schematic diagram of the critical operating area.

Fig. 3. Flowchart for calculating the critical operating area.
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points under the given fault. Due to the page limit, the detail can be
referred to the Ref. [29];

Step 2: Determine the initial search space of the critical points
according to the Hadamard matrix, and take each row of the
orthogonal matrix as the search operating point P. According to
the dichotomous method and time-domain simulation, search
and calculate until the initial critical point crP1 is obtained. Based
on the space division method, compute the initial critical operating
area;

Step 3: Determine the extended search space based on the ini-
tial critical point crP1 and the Hadamard matrix, and take each row
of the orthogonal matrix as the search operating point P. If P is in
the critical operating area a� Dl; b� Dl½ �, search the critical point
based on the dichotomy and time domain simulation, where Dl is
the reference distance when the lth critical point is searched. If P
is outside the area, change the operating point and continue
searching;

Step 4: Update the critical operating area based on the average
Euclidean distance Dl between the reference point S0 and the
searched critical points. Return to step 3 until s critical points are
searched.

4.2. Critical point augment based on WGAN-GP

Sufficient critical points can be fast generated by data augment
based on a small number of critical points. GAN is an efficient net-
work for data augment and a variant of GAN which can overcome
the problems of gradient disappearance and model collapse of the
original GAN is urgently needed.

By introducing Wasserstein distance and gradient penalty,
WGAN-GP offers unique advantages in enhancing training stability
and improving model effect with gradient disappearance and
model collapse problems solved. Therefore, WGAN-GP model is
adopted to fast generate a large number of critical points based
on the injected power of critical points obtained in Section 4.1.

The Wasserstein distance in WGAN-GP model is defined as
follows.

WðPdata; PGÞ ¼ inf
c�PðPdata ;PG Þ

Eðx;yÞ�c½kx� yk� ð13Þ

where Pdata is the true sample distribution (i.e., the critical point
distribution); PG is the generated sample distribution; PðPdata ;PGÞ is
the set of Pdata and PG joint distributions; c is one of the joint distri-
butions PðPdata ;PGÞ; Eðx;yÞ�c denotes the expectation, where (x, y) obey-
ing the distribution c. kx� yk is the norm of x� y;WðPdata; PGÞ is the
lower bound of the expectation of kx� yk among all the possible
distributions.

Since infc�PðPdata ;PG Þ cannot be solved directly, the Lipschitz con-

tinuum is introduced to convert Wasserstein distance into Eq. (14).

WðPdata; PGÞ ¼ 1
K

sup
kfkL�K

Ex�Pdata ½f ðxÞ� � Ex�PG ½f ðxÞ� ð14Þ

where f ðxÞ is the equivalent mapping function of the discriminator;
kf ðxÞkL < K denotes that the Lipschitz constant of f ðxÞ does not
exceed K (i.e., f ðxÞ satisfies Lipschitz continuity); K is a constant
which is not positive infinity.

The objective function of WGAN-GP model is shown as follows.

L ¼ max Ex�Pdata ½DlðxÞ� � Ex�PG ½DlðxÞ� � k� GP ð15Þ

GP ¼ Ex̂�p x̂ð Þ maxðk rx̂Dlðx̂Þ k;1Þ ð16Þ
where Dl xð Þ is the output of the discriminator Dl with upper bound
variables l when input x. Point x̂ satisfies x̂ ¼ -xdata þ ð1�-ÞxG,
- � uð0;1Þ, where xdata is the real sample, xG is the generated sam-
ple; k is the penalty factor; GP is the gradient penalty; k rx̂Dl x̂ð Þ k
denotes the norm of gradient rx̂Dl x̂ð Þ.

Then, the loss functions of the generator and the discriminator
can be expressed as Eqs. (17) and (18), respectively.

LG ¼ �Ex�PG Dl xð Þ� � ð17Þ

LD ¼ Ex�Pdata Dl xð Þ� �� Ex�PG Dl xð Þ� �þ kEx̂�p x̂ð Þ

� max k r
x̂

ffiffiffiffiffiffiffiffiffiffiffi
b2�4ac

p Dlðx̂Þ k;1
� �

ð18Þ

Fig. 4. Framework of the proposed method.
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During the training process, real critical points are normalized
and marked as true first, with generated samples marked as false.
Then, the generator implements a mapping from random noise dis-

tribution to generated sample distribution. And the discriminator
receives both types of samples with corresponding labels and out-
puts the probability of true for a given sample. In adversarial

Fig. 5. Flowchart of critical points searching method. BPA: Bonneville Power Administration; s: the critical point number.

Fig. 6. The IEEE 39-bus test system.
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alternating training, based on the above loss functions, the Adam
optimizer is used to update the parameters of the generator and
discriminator. With updated parameters, the generator can gener-
ate samples that are similar to real critical points and indistin-
guishable by the discriminator, and the discriminator can
accurately distinguish whether a given sample is real or not.

During the application process, a group of random noises sub-
ject to simple normal distribution are input into the generator,
which can generate a large number of samples that follow the dis-
tribution of critical point. Therefore, based on a small number of
critical points, the WGAN-GP model can provide an accurate and
sufficient sample set of critical points for specific accidents.

4.3. Fit the PDSR boundary

Based on the least square method, the PDSR boundary can be
obtained by fitting. Assuming that in the n-dimensional node injec-
tion space, the required sample set includes k critical points. Then,
the active injection vector of the qth critical point is denoted as
Pq ¼ Pq1; :::; Pqn

� �
, and the associated deviation equation can be

depicted as Eq. (19).

Y � Pa ¼ e ð19Þ

P ¼

P11 P12 � � � P1n

P21 P22 � � � P2n

..

. ..
. ..

.

Pk1 Pk2 � � � Pkn

2
66664

3
77775 ð20Þ

where Y ¼ 1; :::;1½ �T is a vector of order k� 1, representing mea-
sured value; P is a matrix of order k� n with constant elements;

a ¼ a1; :::;an½ �T is a vector of order n� 1, representing the HP coeffi-
cient corresponding to each node; the deviation e ¼ e1; :::; ek½ �T is a
vector of order k� 1, denoting fitting error.

Based on the theory of the least square method, the sum of
squares of deviations should be minimized, as shown in Eq. (21).

J ¼ min k e k2 ¼ min Y � Pað ÞT Y � Pað Þ ð21Þ
Then, calculate the extreme value by partial derivative as

shown in Eq. (22).

oJ
oa

¼
o YTY � 2YTPaþ aTPTPa
� �

oa
¼ �2YTP þ 2aTPTP ¼ 0 ð22Þ

After solving the above equations, the least square estimate of
the HP coefficient can be depicted as shown in Eq. (23).

aLs ¼ PTP
� ��1

PTY ð23Þ

Table 1
Line data of the IEEE 39-bus test system.

From bus To bus Line reactance (p.u)

1 2 0.3469
1 39 0.0250
2 3 0.1286
2 25 0.0086
3 4 0.1107
3 18 0.1069
4 5 0.0671
4 14 0.0691
5 6 0.0217
5 8 0.0738
6 7 0.0565
6 11 6945.0000
7 8 0.0390
8 9 0.1902
9 39 0.0250
10 11 3645.0000
10 13 3645.0000
13 14 8615.0000
14 15 0.1830
15 16 0.0855
16 17 0.0671
16 19 0.1520
16 21 0.1274
16 24 0.0340
17 18 6595.0000
17 27 0.1608
21 22 12825.0000
22 23 0.0923
23 24 0.1805
25 26 0.2565
26 27 0.1198
26 28 0.3901
26 29 0.5145
28 29 0.1245
11 12 0
13 12 0
31 6 0.0250
32 10 0.0200
33 19 0
34 20 0
35 22 0.0143
36 23 0
37 25 0
30 2 0.0181
38 29 0
20 19 0

p.u: per unit.

Table 2
Load data and generator data of the IEEE 39-bus test system.

Bus Load Generator

Mw Mvar Mw Mvar

1 0 0 0 0
2 0 0 0 0
3 322.0 2.4 0 0
4 500.0 184.0 0 0
5 0 0 0 0
6 0 0 0 0
7 84.0 0 0 0
8 522.0 176.0 0 0
9 0 0 0 0
10 0 0 0 0
11 0 0 0 0
12 8.5 88.0 0 0
13 0 0 0 0
14 0 0 0 0
15 0 0 0 0
16 32.3 0 0 0
17 0 0 0 0
18 158.0 30 0 0
19 0 0 0 0
20 680.0 103.0 0 0
21 274.0 115.0 0 0
22 0 0 0 0
23 84.6 0 0 0
24 0 0 0 0
25 224.0 47.2 0 0
26 139.0 17.0 0 0
27 281.0 75.5 0 0
28 206.0 27.6 0 0
29 26.9 0 0 0
30 0 0 250 —
31 9.2 4.6 — —
32 0 0 650 —
33 0 0 632 —
34 0 0 508 —
35 0 0 1000 650
36 0 0 560 —
37 0 0 540 —
38 0 0 830 —
39 0 0 637 —

Mw: megawatt; Mvar: megavar.
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The distance between the critical point and the edge of the
PDSR boundary with HPs is taken as the fitting error
err ¼ err1; . . . ; errk½ �T. The fitting error errq for the qth critical point
is calculated as shown in Eq. (24). a1; :::;avð Þ is the coefficient vec-
tor; Xq1; :::;Xqv

� �
is the active injection power vector of critical

points and v represents the number of features. The maximum fit-
ting error is defined as errm ¼ max err; :::; errkð Þ to represent the
approximate calculation accuracy of the PDSR boundary. The smal-
ler the maximum fitting error is, the higher the approximate calcu-
lation accuracy is, and vice versa.

errq ¼
Pn

i¼1aiXqi � 1
		 		ffiffiffiffiffiffiffiffiffiffiffiPn
i¼1

a2
i

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiPn
i¼1

X2
qi

s ð24Þ

5. Case study

5.1. Setting of the case study

The Institute of Electrical and Electronics Engineers (IEEE) 39-
bus test system with generator 35 replaced by a wind turbine is
chosen to verify the efficiency of the proposed method shown in
the left part of Fig. 6. In order to enrich the case study, The IEEE
39-bus test system with generator 35 and generator 38 separately
replaced by a wind turbine is also chosen to verify the proposed
method shown in the right part of Fig. 6. Generator 31 bus is
selected to be the slack bus. Fault line 1–2 denotes a three-phase

short-circuit fault at bus 1 of line 1–2. Tables 1 and 2 show the rel-
evant data of the IEEE 39-bus test system. In order to simplify the
description, the following analysis is based on the IEEE 39-bus test
system with generator 35 replaced by a wind turbine, except for
the two wind turbines system mentioned. The proposed method
is tested on the computer with 11th Gen Intel(R) Core(TM) i5-
11300H central processing unit (CPU)@3.10 GHz with 3.11 GHz
mains frequency and random access memory (RAM) 16.00GB.
The transient simulation is calculated using Bonneville Power
Administration (BPA) software. The algorithmic parts are calcu-
lated on MATLAB and python.

Table 3
Transient stability of operating points in the stable operating area.

Operating point Output of generators for each operating point (MW) Transient stability

G30 G32 G33 G34 G35 G36 G37 G38 G39

1 147.89 432.42 560.11 487.13 576.11 537.60 319.45 552.17 591.58 Stable
2 155.15 375.82 579.84 487.13 596.42 537.60 335.13 479.89 620.61 Stable
3 181.67 472.33 532.98 428.06 624.00 537.60 329.40 506.30 6100.00 Stable
4 147.89 384.53 560.11 449.82 576.11 496.34 319.45 491.01 591.58 Stable
5 181.67 396.50 606.63 428.06 548.17 537.60 329.40 603.13 6100.00 Stable
6 166.32 432.42 606.63 487.13 576.11 496.34 319.45 491.01 591.58 Stable
7 147.89 432.42 606.63 449.82 576.11 537.60 359.24 491.01 591.58 Stable
8 147.89 432.42 560.11 487.13 576.11 537.60 319.45 552.17 665.26 Stable
9 166.32 384.53 606.63 449.82 576.11 537.60 319.45 552.17 591.58 Stable
10 155.15 403.39 579.84 465.65 596.42 513.84 335.13 515.10 620.61 Stable

Table 4
Transient stability of operating points in the unstable operating area.

Operating point Output of generators for each operating point (MW) Transient stability

G30 G32 G33 G34 G35 G36 G37 G38 G39

1 105.30 273.79 695.00 558.00 715.00 616.00 227.45 349.61 336.36 Unstable
2 105.30 273.79 641.44 515.05 715.00 616.00 181.64 279.18 421.21 Unstable
3 84.09 273.79 641.44 558.00 715.00 568.48 227.45 279.18 336.36 Unstable
4 84.09 273.79 641.44 558.00 659.85 616.00 181.64 349.61 421.21 Unstable
5 105.30 218.64 641.44 558.00 715.00 568.48 181.64 349.61 421.21 Unstable
6 127.63 236.05 695.00 483.39 715.00 533.47 275.68 301.42 363.16 Unstable
7 105.30 273.79 695.00 558.00 659.85 568.48 181.64 279.18 421.21 Unstable
8 127.63 331.84 695.00 558.00 619.21 533.47 196.11 301.42 363.16 Unstable
9 105.30 273.79 695.00 558.00 659.85 568.48 181.64 279.18 336.36 Unstable
10 127.63 236.05 601.97 558.00 619.21 616.00 275.68 301.42 363.16 Unstable

Table 5
Transient stability accuracy of space division method.

Operating area Number of selected
samples

Transient stability
accuracy

Stable operating area 5000 100%
Unstable operating area 5000 100%

Table 6
Maximum fitting error comparison of the space division method with fitting method.

Fault lines Maximum fitting error
of fitting method (� 10�5)

Maximum fitting error of
space division method (� 10�5)

1–2 6.70 3.01
1–39 3.00 6.70
2–25 24.90 26.69
3–4 7.60 7.56
3–18 9.70 9.71
8–9 0 0
9–39 0 0
14–15 0 0.04
15–16 2.20 6.63
16–17 7.70 3.64
16–21 14.40 15.75
16–24 8.30 8.31
17–18 3.50 1.60
17–27 26.60 0.68
21–22 27.60 27.60
22–23 0 0
23–24 16.40 16.36
25–26 16.70 12.25
26–27 6.80 13.41
26–28 46.00 22.68
26–29 0 13.98
28–29 51.30 25.42
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5.2. Case analysis

Table 3 illustrates that the points in the stable operating area
are of stable states and Table 4 illustrates that the points in the
unstable operating area are of unstable states. Moreover, Table 5
strengthens that space division method divides the operating area
precisely which leads to high accuracy of transient stability of
operating points in the corresponding area.

Table 6 shows that the maximum fitting error of the space divi-
sion method is on the order of 1.0 � 10�4, indicating high calcula-
tion accuracy.

Fig. 7 exhibits that the space division method reduces calcula-
tion time by 71.74% at most, 17.96% at least, and 34.54% on average
compared to the fitting method, emphasizing the advantage of
compressing the search space to reduce time consumption.

In order to ensure fitting accuracy, the number of critical points
should be greater than the dimension of the PDSR injection space
with the quasi-orthogonal point selection method adopted [30].

The injection space of the IEEE 39-bus test system is 28 dimensions,
so more than 28 critical points need to be searched to generate the
PDSR boundaries in this system. To guarantee calculation accuracy
and statistical significance, 840 samples are generated based on the
WGAN-GP model, which is 30 times the required critical points.

Table 7 shows that the samples generated by WGAN-GP are in
the critical operating area and conform to the distribution rule of
critical points. It proves that the generated critical points are
accurate and effective, laying a foundation for the accurate
generation of the PDSR boundary.

Fig. 8 shows the PDSR boundaries for faults 1–2, where the stars
represent the critical points and the blue planes represent the
PDSR boundary fitted by the critical points. Below the boundary
is the PDSR. Since the injection is a multi-dimensional vector, the
DSR can only display a certain cross-section in three-dimensional
space, for which the injection power of other dimensions must
be given, and the location of the boundary is different for different
given values of other dimensions.

Fig. 7. Long execution time comparison of the space division method with fitting
method.

Table 7
Distribution of samples generated by WGAN-GP.

Fault line Limit of critical operating area Number of points
in the critical
operating area

Upper Lower

1–2 1028.6020 677.3722 840
1–39 1047.0510 689.5212 840
2–25 667.6282 439.6576 840
3–4 1306.1940 860.1767 840
3–18 1339.8130 882.3157 840
8–9 1495.1280 984.5966 840
9–39 1527.8590 1006.1510 840
14–15 1062.4080 699.6342 840
15–16 938.1062 617.7772 840
16–17 1037.9470 683.5261 840
16–21 888.1856 584.9027 840
16–24 975.1921 642.1996 840
17–18 994.2095 654.7233 840
17–27 1060.1670 698.1585 840
21–22 1270.1660 836.4505 840
22–23 1509.5420 994.0885 840
23–24 1427.6650 940.1698 840
25–26 948.9673 624.9297 840
26–27 931.6329 613.5143 840
26–28 615.7117 405.4687 840
26–29 792.4377 521.8492 840
28–29 608.7330 400.8729 840

Fig. 8. The boundary of PDSR of faults 1–2.

Table 8
Maximum fitting error comparison of the proposed method with fitting method.

Fault line Maximum fitting
error of fitting
method (� 10�5)

Maximum fitting
error of proposed
method (� 10�5)

1–2 6.7 0.21
1–39 3.0 0.68
2–25 24.9 0.06
3–4 7.6 0.59
3–18 9.7 4.19
8–9 0 0.20
9–39 0 0
14–15 0 0.77
15–16 2.2 0.55
16–17 7.7 0.44
16–21 14.4 0.03
16–24 8.3 0.11
17–18 3.5 0.46
17–27 26.6 1.52
21–22 27.6 0.15
22–23 0 0
23–24 16.4 0.10
25–26 16.7 2.18
26–27 6.8 9.06
26–28 46.0 0.94
26–29 0 0.26
28–29 51.3 0.63
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Table 8 shows that the maximum fitting error of the proposed
method is on the order of 1.0 � 10�5, and less than that of fitting
method. Table 9 shows that the maximum fitting error of the pro-
posed method is on the order of 1.0 � 10�4, and less than that of
fitting method in the two wind turbines system, demonstrating
high calculation precision.

Fig. 9 exhibits that the long execution time of the proposed
method is reduced by 78.76% at most, 40.41% at least, and
55.01% on average compared with the space division and Relief
method which has already improved the calculation speed.
Table 10 exhibits that the long execution time of the proposed
method is reduced by 72.16% on average compared with the fitting
method and 61.73% on average compared with the space division
and Relief method in the two wind turbines system. Moreover, it
is noteworthy that the long execution time of PDSR boundary gen-
eration by the proposed method is less than 6 min. Therefore, the
proposed method reduces calculation time visually and
significantly.

6. Conclusions

This paper proposes a PDSR boundary generation method based
on space division and WGAN-GP for fast obtaining sufficient criti-
cal points. Provided the typical differential topological characteri-
zations of DSR, space division is promoted to compress the
search space and search for a small set of critical points in the crit-
ical operating area. Leveraging WGAN-GP model to learn the data
distribution of the set aforementioned, plentiful critical points
can be fast generated just by one training, and then the PDSR
boundary can be fitted precisely. The case study is conducted in
the IEEE 39-bus test system with generator 35 replaced by a wind
turbine and the IEEE 39-bus test system with generator 35 and
generator 38 replaced separately by a wind turbine to validate
the efficiency of the proposed method.

Test results show that comparing with the fitting method and
its improved algorithm, the speed of the proposed method to
obtain numerous critical points and calculate PDSR boundaries is
improved dramatically, while allowing for high calculation
accuracy.

The proposed method is aimed at given faults. Considering that
there is a certain correlation between different faults, with the
development of deep learning, it will be the focus of future
research to generate PDSR boundaries corresponding to other
faults from given faults.
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