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S1. Preliminaries
S1.1. Notations
 denotes the n-dimensional Euclidean space.
 denotes the expectation operator.
 denotes the Euclidean norm of a vector .
 and  denote the transpose of a vector  and a matrix , respectively.
 denotes the trace norm of a matrix , i.e., .
 denotes the square root of a matrix , i.e., .
 denotes the Gaussian distribution with mean vector  and covariance matrix .
 denotes a complete probability space with a filtration  following the usual conditions, i.e., it is right continuous and contains all -null sets.
S1.2. Introduction to stochastic differential equations
Typically, stochastic differential equations (SDEs) can be considered as ordinary differential equations (ODEs) with a stochastic term coupled of a diffusion coefficient and the Wiener process. Hence, we first gave a brief introduction to the Wiener process before giving a formal definition of SDEs. In mathematics, a one-dimensional Wiener process  is a real-valued continuous -adapted process with the following properties:
1.  almost surely.
2. The paths  are continuous almost surely.
3. For , the increment  is independent of .
4. For , the increment  is Gaussian disturbed with mean 0 and variance , i.e., .
For complex systems under uncertainty, stochastic terms are used to model random noise. For instance, consider an ODE modelling the population growth with the form:

where  denotes the population size at time , and  is the relative rate of growth. Generally, we only know part of  because it is perturbed by environmental noise in many practical cases. In other words,  becomes a stochastic parameter rather than a deterministic parameter and can be expressed as:

where  and  are known functions, and  is a white noise process. As a result, we have

Let . Then, we obtain an SDE:

  In this study, we consider the n-dimensional time-independent SDEs denoted as follows:

where  is the state vector at time ,  is the state-dependent drift vector,  is the positive-definite diffusion matrix, and is an n-dimensional standard Brownian motion or Wiener process, i.e., its components are pairwise uncorrelated and every component is a one-dimensional Wiener process. It is assumed that all entries of  and  are continuous functions. Because the Wiener process is nowhere differentiable, a more formal description of the SDE in Eq. (1) is

The first integral is in the Riemann–Stieltjes sense, whereas the last integral is a stochastic integral due to the fact that almost all sample paths of  are of unbounded variation. In this study, we used the Itôintegral to define the integration of a stochastic process.
S1.3. Euler–Maruyama discretization
Generally, analytic solutions of SDEs are not available. Hence, the Euler–Maruyama method was employed to discretize the SDE in Eq. (1) to get numerical solutions in this study. In order to ensure the feasibility of the Euler–Maruyama method, we assume that the drift and diffusion terms of SDEs satisfy the following assumptions:
Assumption 1. (Local Lipschitz condition) For any , there exists a  such that 

for all  with .
Assumption 2. (Khasminskii-type condition) For all , there exist two constants  and  such that 

Applying the Euler–Maruyama method to the SDE in Eq. (1), we have

where  is the discretization time index, is the discretization time step,  is the numerical solution of , and  is a sequence of independent and identically distributed (i.i.d) Gaussian vectors. It is more convenient to perform the analysis by considering continuous-time approximations. Hence, for any , we set

Under Assumptions 1 and 2, there is a unique exact global solution of the SDE in Eq. (1). Furthermore, the numerical solution  converges to the exact solution  in probability [1,2].
S1.4. Itô’s formula in scalar case
The Itô formula plays an important role in mathematical finance, especially in the derivation of the Black–Scholes formula. Actually, the Itô’s formula builds a stochastic version of chain rule for the Itô integral, providing a theoretical tool for the stochastic product rule and integration by parts. Consider state  satisfying a scalar SDE

Let  be a twice-differentiable scalar function of  and . Then, the Itô’s formula states that  is also an SDE. The drift of  is

and the diffusion of  is 

Consequently, we have the following:

S1.5. Fokker–Plank equation
In Criteria 2 and 3, the probability density function (PDF) was employed as a measure to assess the identified model’s performance since it can be served as a deterministic tool to quantify random variables. For an n-dimensional SDE, the Fokker–Planck equation is a partial differential equation describing the time evolution of the PDF  for solution paths . As in the Brownian motion,  denotes the PDF of a Brownian particle with velocity  at time .
For the n-dimensional SDE in Eq. (1), the Fokker–Planck equation states that

where  and is the ith entry of  and, respectively, and  is the ijth entry of . In many applications, only the solution of the stationary (steady-state) Fokker–Planck equation  is of particular interest, i.e.,

Especially, if a system is statistically stationary, we have .
S1.6. Metropolis–Hastings algorithm
For stationary processes, while the analytical PDF  of the identified model can be derived from the stationary Fokker–Planck equation in many cases, the normalizing constant of  is difficult to compute. Without the normalizing constant, it is hard to compare the analytical PDF of the identified model with the empirical PDF of data in Criterion 2. To address this issue, we need to resort to Markov chain Monte Carlo (MCMC) methods, which are a class of powerful methods used to reproduce the target PDF in statistical physics. One of the best well-known methods is the Metropolis–Hastings algorithm that is proposed by Metropolis and then extended to more general cases by Hastings. Given a function  that is proportional to the target distribution , the Metropolis–Hastings algorithm can draw samples that follow  from . The sampling steps of the Metropolis–Hastings algorithm can be summarized as follows: 
1. Initialization: Choose an arbitrary point as the initial sample  and propose a transition probability  to draw the next sample.
2. For each iteration i:
· Generate the sample  based on the proposed distribution 
· Generate a number  from the uniform distribution 
· If  then set  Otherwise, set  
After collected sufficient samples, we discard the first half of them to ensure that the remaining samples follow the target distribution .
S2. BISDE algorithm
The objective of the proposed BISDE algorithm is to identify all entries of the drift vector and diffusion matrix from relatively limited quantities of time-series data. First, we derived theoretical expressions for the drift and diffusion terms based on the Euler–Maruyama method. These expressions show how to estimate the values of the drift and diffusion terms at the selected point from time series. Then, the identification problem for the drift and diffusion terms can be cast into an input–output regression problem. Second, although the binning operation can be used as an empirical method to estimate the drift and diffusion terms from time series to formulate the corresponding regression equation, this operation is data-hungry and suffers from the curse of the dimensionality. Instead, we developed a more efficient strategy to formulate input–output regression equation for the identification of the drift and diffusion terms to overcome such issues. Additionally, the drift and diffusion terms are assumed to be a linear combination of candidate basis functions that constitute a function space to be searched. The weights of basis functions are inferred via the sparse Bayesian learning (SBL) method. Finally, only the basis functions corresponding to the nonzero weights are preserved to interpret the dynamics of systems, achieving the identification of the drift and diffusion terms.
We started by briefly reviewing the SBL algorithm since the proposed algorithm leverages this technique to search for a parsimonious, yet physically necessary representation from the space of candidate functions. As a popular and powerful method in machine learning community, SBL can identify the underlying model structure of a system of interest given input vectors along with corresponding output vectors. Let

where  denotes the input data, and denotes the output data. To identify underlying model structures from the given input–output data, we first constructed a library consisting of the possible functional forms (i.e., basis functions) of model structures. The choice of basis functions has an unneglected effect on algorithm performance and depends on specific applications. For instance, when the model is known to be a linear combination of input variables, we have the library matrix . For more complicated practical problems, the library matrix may consist of the constant, linear, polynomial, and trigonometric terms. For example,

Basically, each column of  represents a basis function. Here, we assume that the model structure of the system can be sparsely represented by basis functions because it comprises only a few terms. Hence, precise identification of the sparse weight vector of basis function is crucial for identifying the underlying model structure. To estimate the weight vector, we can solve the following regression equation

where  is the constructed library matrix, M is the number of basis functions, and  is the weight vector. The noise vector  follows a Gaussian distribution , where  is a diagonal matrix with the ith element (variance) being . Combining the likelihood function arising from Eq. (3) and the sparsity-promoting prior of the weight vector , SBL can remove irrelevant terms from the library based on the posterior distribution of . The likelihood function can be formed as 

Because the majority of weights are zero, we impose the following sparsity-promoting Gaussian prior on weights

where  is the hyperparameter vector. We denote that when ,  is a degenerate Gaussian distribution, which means .
  According to the Bayes’ rule, the posterior distribution of  is

where  and  with . Based on the maximum a posteriori (MAP) principle, the mean  is selected as the estimator of the weight vector . However, the estimation of  involves . In order to set a reasonable value of , we can maximize the type-II likelihood function 

where . Note that in Eq. (5),  can be taken as a latent variable. Additionally, the posterior distribution of  has been given in Eq. (4). Consequently, the Expectation-Maximization (EM) algorithm is a natural way to optimize the marginalized probability distribution in Eq. (5). Following the framework of EM algorithm, the jth expectation step is 

and the jth maximization step is

After obtaining the optimal value of the hyperparameter vector , denoted as , we have     

where . Generally, the entry of  less than a given threshold is set to 0. Then, the nonzero entry of  means that the corresponding basis function is active and itself is the weight. To ensure a good performance of BISDE on both simulated and real data, the threshold is set to 0.05 in this study. Additionally, a similar update method can be incorporated in the maximization step to estimate the noise variances .
Next, we illustrated how to cast the identification problem of SDEs into an input–output regression problem for the drift and diffusion terms after we collected a set of measurements of an SDE.
S2.1. Inferring the drift term
The first step of BISDE is to identify the drift term. Given , it is evident that  in Eq. (2) satisfies the Gaussian distribution. This implies that, for any ,

Consequently, for any point , the drift can be obtained by the conditional expectation 

While the drift is estimated based on the numerical solution , we can prove that all entries of  converge to the corresponding entries of  in probability, respectively. The following proposition summarizes the result, in which the subscript for the entry index is omitted for notational simplicity.
Proposition 1. Suppose that the SDE in Eq. (1) satisfies Assumptions 1 and 2, and each entry of the drift term is a continuous function. Then, for any ,

Proof: Let  be arbitrarily small. Under Assumptions 1 and 2,  converges in probability to  [1,2]. Hence, we have

When  is a continuous function, according to the continuous mapping theorem, we have

Set

Consequently, for all sufficient small ,

The proof is complete.                                                                         ¢
According to Eq. (6) and the central limit theorem,  can be approximated using  as

where  is the number of  equal to  with , and  is a vector in which each entry is Gaussian distributed with mean zero and variance proportional to 1/ [3]. This estimation method is a nonparametric way and bridges the nonparametric estimation and SBL, as the noise  can be modelled as Gaussian noise. Additionally, Eq. (7) implies that the drift entry can be identified independently.
  Without loss of generality, assume that  and , denote the input and output data of the rth drift entry, respectively, and is estimated using data points from Eq. (7). Let


where  is a scale parameter that is used to control the variance size. Substituting the above equations into Eq. (3) and following the corresponding derivation, the weight vector of the rth drift entry can be formulated as

For a system of interest, it may be difficult to obtain many measurements  being equal to . A useful trick to approximate the conditional expectation  is to treat any data point  that falls into a small neighborhood of  as ; or, specifically,

where  is the hyperparameter vector that is used to control the neighborhood size. This technique, known as the binning operation, has proven to be effective in Refs. [4–6]. In this manner, the data points are divided into  bins for an n-dimensional SDE, where  is the jth entry of . Consequently, this approach suffers from the curse of dimensionality as an increase in an SDE’s dimensionality leads to an exponentially increasing number of bins and data, if one intends to preserve overall approximation accuracy. It is also difficult to balance the number of bins and the accuracy of approximation. To address the above issues, we developed a more efficient strategy for formulating the regression problem to identify model structures. First, we proposed an equivalent realization to derive an identical weight vector.
Theorem 1.  The weight vector identified from

that is, , is identical to that identified in Eq. (8), i.e., , where



is the Kronecker product,  is the weight vector,  is the rth entry of ,  is the ith row of , and  follows the Gaussian distribution  with  as a  identity matrix.
  Proof: It is evident that  The prior of  is also assumed to be the sparsity-promoting Gaussian prior

where  is the hyperparameter vector. Then, the type-II likelihood function is formulated as

where  with . According to the matrix determinant and matrix inverse lemmas, we have

Hence, optimizing Eqs. (5) and (11) yields 

Consequently, the optimal value of , denoted as , is equivalent to that of . Because the mean value of the posterior distribution of  is employed as the estimate, we arrive at

where .
The proof is complete.                                                                         ¢
Remark 1. For any permutation matrix P, we have  Hence, the elements of  can be rearranged in the order of time sequence. 
Theorem 1 shows a constructive method for identifying  in Eq. (8) by considering the alternate regression equation. Its advantages are significant. First, Eq. (10) uses “derivative” as the output, obviating the need for a binning operation to reduce the amount of required data and avoid the curse of dimensionality in practice. Second, unlike the binning operation, the value of  is kept instead of being replaced with  when we formulate the library matrix and output vector, which avoids the consequent approximation error. Finally, our experiments consistently suggested that the amount of required data is reduced and robust against the SDE’s dimensionality.
S2.2. Inferring the diffusion term
The next step is to identify the diffusion term from time series. Similar to the case of drift, the diffusion  can be given by the conditional covariance

To put it simply, the rlth entry of  is given by

where  and  are the rth and lth entries of , respectively.
Proposition 2. When we specialize the case to the rlth diffusion entry , for any , we have  in probability.
  Proof: the proof of Proposition 2 is similar to that of Proposition 1, and thus omitted here.
We can notice that computing  requires not only the data but also the corresponding values of  and . One viable method is to use the identified drift to determine the values of . Additionally, a good identification result of the drift can promote the accuracy of the identified diffusion. After successfully identifying the drift,  can be computed by

where  is the identified drift,  and  are the rth and lth entries of , respectively, and  is a matrix in which each entry is Gaussian distributed with mean zero and variance proportional to  again. Following similar lines as in the drift identification, we can then formulate a regression equation to identify the rlth diffusion entry and leverage the SBL approach to solve it. Note that the selection of basis functions here can be different from those used for the drift identification.
Remark 2. Theorem 1 also provides an efficient way to identify the diffusion term, which avoids a binning operation.
S3. Results for BISDE
This section tested BISDE on a wide range of simulated and real-world systems. For simulated systems, we calculated the mean square error (MSE) between the data generated by the true drift (diffusion) and identified drift (diffusion) at measurements to assess the identified model’s performance. A small MSE indicates a good performance of the identified model. For real-world systems, we adopted Criteria 1, 2, and 3 to assess the identified model’s performance. The identified results of simulated and real-world systems illustrated that the proposed BISDE algorithm is a powerful tool to identify the underlying dynamics of SDE-governed systems from data. Additionally, we compared BISDE with the state-of-the-art method in Ref. [6], which is named as SDE_SINDy for convenience, to show its ability to identify SDEs from relatively limited quantities of time-series data. For one-dimensional SDEs, the number of bins is set to 100 for SDE_SINDy.
S3.1. Example 1: Langevin equation
In physics, the Langevin equation describes the time evolution of a Brownian particle in a fluid. Due to its importance in physics, it is considered as our first example

where m and  are the mass and velocity of the Brownian particle, respectively. The term on the right-hand side of Eq. (12) is the force imposed on the particle (Newton’s first law of motion), and it is divided into two parts. The first is the viscous force that is proportional to the particle’s velocity according to the Stokes’ law, where the damping coefficient  is also known as the Einstein relation. The other one, i.e., , is the random force caused by the collisions between the particle and surrounding fluid, and it is Gaussian distributed. Here, we set , =3, and .
We equally sampled the data from the time domain [0, 1000] with a time step  and the initial value  using the Euler–Maruyama method. Fig. S1 plots the sampled trajectory. For the identification of the Langevin equation, we chose M=26 basis functions to span the function space of interest, including the constant term, polynomials in  up to the order of 15, and exponential functions with exponents from  to .
Table S1 summarizes the identified results of BISDE and SDE_SINDy on the Langevin equation. Due to the lack of massive data, SDE_SINDy failed to identify the Langevin equation, while BISDE presented a near-perfect identification result. This example implies that our method has the potential to assist physicists or chemists in discovering the underlying SDEs of random phenomena from relatively limited quantities of time-series data.

[image: ]
Fig. S1. Sample path of the Langevin equation.
Table S1
Identified result and details of BISDE for the Langevin equation.
	Exact SDE
	

	Measurements
	25000

	Library
	1  polynomials in  up to the order of 15  exponential functions with exponents from  to 

	Identified SDE
	BISDE
	

	
	SDE_SINDy
	—

	MSE
	BISDE
	Drift: 0; diffusion: 0.0600%

	
	SDE_SINDy
	—


S3.2. Example 2: engineering systems–bearing vibration signals
This example illustrated how the proposed BISDE algorithm can be used to discover the underlying dynamics of rolling bearings. Rolling bearings are indispensable components for rotating machines, and their applications range from household appliances to aerospace equipment. Rolling bearing faults are the most common faults of machinery defects, which may result in imponderable losses to users and even society. Therefore, discovering the underlying dynamics of bearing vibration signals at fault-free and faulty stages is important for bearing fault diagnosis. 
The dataset used to demonstrate the effectiveness of the proposed BISDE algorithm comes from the CWRU dataset. To assess the identified model’s performance of BISDE, we selected the dataset that contains about 500000 measurements as they are able to provide reasonable estimates for the drift and diffusion terms via the binning operation. For the binning operation, the number of bins was set to 100. Additionally, we discarded the bin with less than 1000 measurements falling into it to ensure the estimation accuracy. To illustrate that the proposed BISDE algorithm can reduce the number of required measurements, we only used about one-tenth of the measurements to discover the underlying dynamics of bearing vibration signals. In addition, the basis functions are selected as  and  for all experiments.
For normal bearings (NBs), Fig. S2 shows the identification results for the drive-end (DE) and fan-end (FE) vibration signals of 1 and 2 horsepower (hp; 1 hp= 0.7457 kW), and the identified models are listed in Table. S2. Notice that the dynamic of the DE vibration signal is different with that of FE vibration signal even of the same hp, while the dynamics of the DE and FE vibration signals of 1 hp are similar with those of 2 hp. Fig. S3 shows the identification results for the normal and faulted FE vibration signals with the inner race fault with fault diameters of 7, 14, and 21 mils (1 mil = 0.0254 mm); the corresponding identified models are shown in Table. S3. While the dynamics of FE vibration signals vary with different fault diameters, the identified models can capture their behavior accurately.
[image: ]
Fig. S2. Identified results for the normal DE and FE bearing vibration signals of 1 and 2 hp. Here, we show the normal DE and FE vibration signals, and comparison between the estimated drift and diffusion values of the binning operation with the identified drift and diffusion values of BISDE.

Table S2
Identified results for the normal bearings.
	
	Drift
	Diffusion

	hp:1
	Normal DE
	
	

	
	Normal FE
	
	

	hp:2
	Normal DE
	
	

	
	Normal FE
	
	



[image: ]
Fig. S3. Identified results for the normal and faulted FE bearing vibration signals of 1 hp. Here, we show the FE vibration signals with inner race faults with different fault diameters, and comparison between the estimated drift and diffusion values of the binning operation with the identified drift and diffusion values of BISDE.
Table S3
Identified results for the normal and faulted FE bearings with different inner race faults of 1 hp.
	
	Drift
	Diffusion

	Normal FE
	
	

	Faulted FE
	7 mils
	
	

	
	14 mils
	
	

	
	21 mils
	
	


S3.3. Example 3: generalized Wiener process
Next, we tested our method on an almost simplest SDE, named the generalized Wiener process. For this SDE, both the drift and diffusion terms are constants

We set  and the initial value . 
For our identification using BISDE, we discretized the generalized Wiener process with a time step of  on the time domain [0, 1000]. The measurements include 25000 data points, and the sample path is shown in Fig. S4. The library consists of M=21 basis functions, including the constant term and polynomials in up to the order of 20. As shown in Table S4, BISDE correctly identified the drift and diffusion terms with MSE=0.4% and MSE=7.29%, respectively. However, SDE_SINDy failed to identify the generalized Wiener process since no basis function is identified. The identified result illustrates the capability of BISDE to discover the underlying model structures of SDEs from a limited number of time-series data points.
[image: ]
Fig. S4. Sample path of the generalized Wiener process.
Table S4
Identified result and details of BISDE for the generalized Wiener process.
	Exact SDE
	

	Measurements
	25000

	Library
	1  polynomials in  up to the order of 20

	Identified SDE
	BISDE
	

	
	SDE_SINDy
	—

	MSE
	BISDE
	Drift: 0.4000%; diffusion: 7.2900%

	
	SDE_SINDy
	—


S3.4. Example 4: double-well potential with state-dependent diffusion
For our fourth example, we considered a double-well potential with state-dependent diffusion

The drift is the negative gradient of the potential energy function , which has two minimal values (wells) as shown in Fig. S5.
In quantum mechanics, the double-well potential is one of the most important potentials, which is frequently used to explore physical phenomena since it can avoid over-simplification [7]. First, consider a double-well system without the state-dependent diffusion term as follows:

This system has three equilibrium states, -1, 0, and 1, that is,  at such points. The equilibrium states -1 and 1 are attractors because an orbit starting with the initial value close to them will approach them as . Consequently, it is impossible that an orbit starting with the point near to -1 can approach 1, and vice-verse. In contrast, the equilibrium state 0 is a repeller since it is unstable, i.e., its nearby orbits will be attracted by another two attractors rather than itself as time increases. Fig. S6 shows four solution curves with different initial conditions for this system for better illustration.
After adding a state-dependent diffusion term, there is no longer any attractor since the diffusion term makes this system unstable, and the non-transferability is destroyed. We uniformly discretized the time domain [0, 1000] with a time step  and the initial value . As a result, the dataset contains 25000 measurements as shown in Fig. S7. The library includes the same basis functions as those used in the second example. Our objective is to identify the few active terms in the underlying dynamics from a limited number of time-series data points.
Table S5 shows the identified results of BISDE and SDE_SINDy. Although SDE_SINDy successfully identified the drift term, it failed to identify the diffusion term. In contrast, BISDE can identify both the drift and diffusion terms with very high accuracy.
[image: ]
Fig. S5. Potential function 
[image: ]
Fig. S6. Solution curves for 
[image: ]
Fig. S7. Sample path of the double-well potential with state-dependent diffusion.
Table S5
Identified result and details of BISDE for the double-well potential with state-dependent diffusion.
	Exact SDE
	

	Measurements
	25000

	Library
	1  polynomials in  up to the order of 20

	Identified SDE
	BISDE
	

	
	SDE_SINDy
	

	MSE
	BISDE
	Drift: 0.0922%; diffusion: 0.0767%

	
	SDE_SINDy
	Drift: 1.4600%; diffusion: 1.3057


S3.5. Example 5: synthetic two-dimensional SDE
Next, we compared the identification performance of BISDE and SDE_SINDy on a two-dimensional SDE. Consider an SDE with the following form:


Although this model does not have a physical counterpart, it can demonstrate the ability of BISDE to identify higher-dimensional SDEs from a relatively limited quantities of time-series data. To analyze this model, we simulate 80000 data points with the time discretization  on the time interval [0, 2000] as shown in Fig. S8. The library consists of M=16 basis functions as shown in Table. S6. We used the same library to identify all entries of the drift and diffusion terms.
It is remarkable that BISDE is still able to identify the two-dimensional SDE from a relatively limited quantities of time-series data. Additionally, we successfully identified both the drift and diffusion terms with very small error. This highlights that the proposed BISDE algorithm is robust to SDE’s dimensionality due to the efficient formulation for the regression equation of the drift and diffusion terms.
We then applied the SDE_SINDy algorithm to identify this model with the same basis functions. To ensure the nonparametric estimation accuracy of the drift and diffusion terms using the binning operation, the average number of measurements in each bin was beyond 100. Since the number of bins is determined intuitively, we histogram the coordinates X and Y into  bins, respectively, where  Table S7 shows that SDE_SINDy cannot identify the underlying model structure under any partition strategies for time series (“F” means that SDE_SINDy failed to identify this SDE).

[image: ]
Fig. S8. Sample path of the synthetic two-dimensional SDE.
Table S6
Identified result and details of BISDE for the synthetic two-dimensional SDE.
	Exact SDE
	


	Measurements
	80000

	Library
	

	Identified SDE
	


	MSE
	





Table S7
Identified results of SDE_SINDy for the synthetic two-dimensional SDE.
	Number of bins
	82
	102
	122
	142
	162
	182
	202
	222
	242
	262
	282

	Identified SDE
	F
	F
	F
	F
	F
	F
	F
	F
	F
	F
	F


S3.6. Example 6: financial economics–stock prices
S3.6.1. Stock price of Facebook
In this subsection and the next one, we applied BISDE to discover the dynamics of stock prices. We collected the stock price data of Facebook per minute from 1 July 2020 to 30 September 2020 in US equities. For trading days, stocks are traded from 9:30 a.m. to 4:00 p.m. Eastern time. Hence, the dataset contains 24960 measurements and is shown in Fig. S9. During this period, it paid no dividends and made no stock split.
The most widely accepted stochastic process describing the dynamics of stock prices is the geometric Brownian motion

where  is the stock price,  is the expected rate of the return of the stock per year, and  is the volatility of the stock price per year. When we denote ,  is also an SDE according to the Itô’s lemma. The drift of  is

and the diffusion of  is 

We can see that  follows the generalized Wiener process with the form:

For efficiency, we sampled  rather than  in practice [8]. Fig. S10 shows the logarithmic transformation of the original stock prices. The volatility per minute can be estimated from the historical data as suggested in Ref. [8]. In this study, we chose the time to be the trading days rather than calendar days, and the number of trading days is assumed to be 252. Hence, the volatility per annum  can be estimated by

Next, we applied BISDE to discover the underlying dynamic of stock price of Facebook. The library is composed of M=10 basis functions, i.e., , and  The identified result is shown in Table S8 after transforming the identified parameters to original ones. We noted that the identified model is also the geometric Brownian motion, demonstrating its capability to discover the underlying dynamics of stocks. In addition, the identified volatility (0.4039) was almost coincided with the estimated value (0.4087) using the method suggested in Ref. [8], demonstrating its accuracy. Based on the identified model, investors can balance the expected rate of the return and the corresponding uncertainty or risk to choose a better investment strategy for themselves.

[image: ]
Fig. S9. Stock price of Facebook.

[image: ]
Fig. S10. Logarithmic transformation of the stock price of Facebook.
Table S8
Identified result and details of BISDE for the stock price of Facebook.
	Measurements
	24960

	Library 
	

	Identified SDE
	

	MSE
	Diffusion: 0.0104%



S3.6.2. Stock price of Tesla
This example still validated the potential of BISDE to discover the underlying dynamics of stock prices. We collected the stock price data of Tesla per minute from 1 July 2020 to 30 September 2020 in US equities. Although the stock paid no dividends, the company made a 5-for-1 stock split on 31 August 2020. To keep the consistency of data, we scale down the stock price before August 31 accordingly as shown in Fig. S11.
As stated before, it is more efficient to sample , and  is visualized in Fig. S12. The library contains M=10 basis functions, which are the same as those of the previous example. Table S9 shows that the identified model also followed the geometric Brownian motion. Additionally, the identified parameter of the diffusion was highly coincided with the estimated volatility using the suggested method in Ref. [8], yielding MSE=0.0023%. 
In this section, we tested BISDE on two different stock price datasets, which were non-dividend-paying stocks. The identified models can provide insights for investors and help price stock options for stock exchanges.
[image: ]
Fig. S11. Stock price of Tesla.
[image: ]
Fig. S12. Logarithmic transformation of the stock price of Tesla.

Table S9
Identified result and details of BISDE for the stock price of Tesla.
	Measurements
	24960

	Library 
	

	Identified SDE
	

	MSE
	Diffusion: 0.0023%


S3.7. Example 7: power systems–wind speed fluctuations
The next example employed BISDE to identify the underlying dynamics of wind speed fluctuations. Wind speed fluctuations may disturb the nominal power output of a wind farm, destroying the power quality and reliability [9,10]. It is also the source of the extreme gust loading. Hence, developing a mathematical description for wind speed fluctuations is essential for power production and load design [11], ensuring the safety and economy of wind energy resources. 
The station where the data collected named Greta Point Cws, Wellington, New Zealand is located at 174.80574E, 41.30243S, and 3 m above the mean sea level [12]. Its agent and network numbers are 41212 and E14387, respectively. The measurements were collected every ten minutes from 1 January 2020 to 30 June 2020 local time. After discarding five unmeasured data points of wind speed, it contains 26203 data points as shown in Fig. S13.
After the first difference of wind speed, we can obtain the wind speed fluctuations as shown in Fig. S14, and the non-stationary process (wind speed) is converted to the stationary (wind speed fluctuations). With the details shown in Table S10, the basis functions are composed of the constant term, polynomials in  up to the order of 10, and exponential functions with exponents from  to . The identified model can be seen as an Ornstein–Uhlenbeck process with an added quadratic state-dependent term in the diffusion. By solving the stationary Fokker–Planck equation, we derived an analytical PDF of the identified model. Fig. S15 compares the empirical PDF of the collected data with the analytical PDF of the identified model generated using the Metropolis–Hastings algorithm; the identified model’s performance was verified by the high similarity between the analytic PDF and empirical PDF.

[image: ]
Fig. S13.Wind speed.
[image: ] 
Fig. S14.Wind speed fluctuation.

[image: ]
Fig. S15. Comparison between the empirical PDF of data and the analytical PDF of the identified model.

Table S10
Identified result and details of BISDE for the wind speed fluctuations.
	Measurements
	26203

	Library
	1  polynomials in  up to the order of 10  exponential functions with exponents from  to 5

	Identified SDE
	


S3.8. Example 8: energy economies–oil price fluctuations
Next, we presented the identification results of BISDE applying to oil price fluctuations. Oil is an important energy resource and plays an important role in modern society. Oil price fluctuations cause significant losses or profits for both exporting and importing countries. Furthermore, oil price fluctuations may lead to inflation, increases in transportation costs, and changes in business policies, affecting not only industries but the daily lives of individuals and families. Because oil prices are affected by many independent and interrelated factors, an accurate model is challenging to formulate. 
We collected the daily crude oil price data from 2 January 1986 to 30 May 2017 from the US Energy Information Administration. After removing the unmeasured data points, the remaining 7922 data points are shown in Fig. S16. As in the previous example, the oil price fluctuations were derived by calculating the algebraic increments in oil prices, which is shown in Fig. S17. Table S11 depicts the identified model. For this SDE, we cannot solve the stationary Fokker–Planck equation analytically. Hence, we employed the Criterion 3 to assess its performance. The synthetic data is generated with the same initial value as that of the real data based on the identified SDE. Then, we compared the empirical PDFs of the real and synthetic data. Fig. S18 shows that they agree well in the high probability region. Given current oil price fluctuations, the identified model can help predict the next state and address the corresponding uncertainty in terms of firms and policymakers, which are useful for avoiding unnecessary loss.
[image: ]
Fig. S16. Crude il price.

[image: ]
Fig. S17. Crude oil price fluctuations.
[image: ]
Fig. S18. Comparison between the PDFs of the real and synthetic data.



Table S11
Identified result and details of BISDE for the oil price fluctuations.
	Measurements
	7922

	Library
	

	Identified SDE
	


S4. Limitation
The effectiveness of BISDE has been demonstrated on a wide range of simulated and real-world systems. Due to the lack of ground-truth of real-world systems, we designed three criteria to assess the identified model’s performance. For the last two criteria, we compared the analytical PDF derived by solving the stationary Fokker–Planck equation or the empirical PDF of the synthetic data generated by the identified model with the empirical PDF of the real data. However, two different SDEs may have the same PDF. This damages the effectiveness of the proposed verification criteria.
S4.1. Example 1
Consider the following Langevin equation:

where  and  are positive constants. When the initial value  follows the Gaussian distribution with mean zero and variance , i.e.,  the solution  is a stationary process. By solving the stationary Fokker–Planck equation, the PDF of the solution path  has the form

where  is a normalizing parameter. Hence, the Langevin equations with different drift and diffusion terms may possess the same PDF when the corresponding  are equal to a same constant.
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