
Supplementary data for
Analyzing the Effect of the Intra-Pixel Position of Small PSFs for Optimizing the Precision Limit of Optical Subpixel Localization
Haiyang Zhan a,b,c, Fei Xing a,b,c,*, Jingyu Bao a,b,c, Ting Sun d, Zhenzhen Chen a,b,c, Zheng You a,b,c,*, Li Yuan e
a Department of Precision Instrument, Tsinghua University, Beijing 100084, China
b State Key Laboratory of Precision Measurement Technology and Instruments, Tsinghua University, Beijing 100084, China
c Beijing Advanced Innovation Center for Integrated Circuits, Tsinghua University, Beijing 100084, China
d Joint International Research Laboratory of Advanced Photonics and Electronics, Beijing Information Science & Technology University, Beijing 100192, China
e Beijing Institute of Control Engineering, Beijing 100190, China

* Corresponding authors. 
E-mail addresses: xingfei@mail.tsinghua.edu.cn (F. Xing), yz-dpi@mail.tsinghua.edu.cn (Z. You).

[bookmark: MaterialsMethods][bookmark: Tables]Text S1. Analysis of conventional localization methods
The center of gravity (CG) method is a simple and widely applied method, which calculates the moment of a distribution by

,                     (Eq. S1)





where the region of interest (ROI) is the pixel region over which the point spread function (PSF) spreads,  and  are the pixel coordinates,  is the value of pixel  (usually with the background eliminated), and  is the centroid of the spot calculated by the CG method.

The CG method uses discrete data sampled by the detector. However, as the instrumental PSF  is distributed continuously over the detector, the real centroid should be

.                 (Eq. S2)
The difference between the calculated centroid and the real value is

.                      (Eq. S3)
Even in cases without noise, the CG method introduced a systematic error. 

The Gaussian Fit (GF) method fits a Gaussian function to the pixel data. Taking a one-dimensional (1D) case as an example, in order to determine the x coordinate of the spot position, this method finds parameters  to minimize

,                 (Eq. S4)



where  represents the sum of the pixel values along the column  in the ROI, which is referred to as the  marginal, and

,                (Eq. S5)



where  is the total flux of the 1D PSF,  is the Gaussian radius, and  is the x position calculated by the GF method. 
However, the pixel values are distributed following the integral of a Gaussian function instead of a Gaussian function in ideal cases (which is defined below). Systematic errors exist and usually become larger in real applications because of non-ideal imaging conditions.
The reason why the conventional methods introduce systematic errors is shown in Fig. S1. To analyze the systematic errors, simulations in ideal cases are performed. Here, an ideal case is defined as follows: There exists no aberration in the optical system; the instrumental PSF (iPSF) dropping on the detector follows a Gaussian distribution; pixel noise can be neglected; the fill factor of the light-sensitive pixel area is 100%; the pixel response is uniform; the only function of the detector is to integrate the energy that falls onto each pixel. In this case, the integral result of the iPSF is referred to as the effective PSF (ePSF).




The localization processes in the x direction and the y direction are independent. The process in the x direction is discussed here. Three iPSFs with different Gaussian radii (, , ) and the same flux () are given. As is shown in Fig. S2(a), the detector integrates the iPSFs to the ePSFs. Another ePSF (the blue curve) given for comparison was sampled from a laboratory experiment. The CG method and the GF method were used to localize the four ePSFs. The size of the calculating window was set as 5 × 1 pixels. Results are shown in Fig. S2(b, c). The localization root mean square (RMS) errors are marked on the curves. 
According to the results, the systematic error caused by the conventional localization methods follows a S-shape distribution over the intra-pixel position; the S-shape error is large for a very focused Gaussian PSF; the ePSF from the real experiment deviates from the ideal ePSFs (e.g., in Fig. S2(a), the blue curve has a narrower peak and slower attenuation), which increases the localization error. 
To sum up, the conventional methods are biased estimation methods and cannot meet the requirements of high-accuracy localization applications. 
[image: ]
Fig. S1. Systematic errors caused by the conventional methods. (a) The CG method uses a pixel’s center instead of the centroid of the intensity distribution in the pixel to calculate the target position. (b) The GF method uses a Gaussian function to fit the pixel values. The center of the fitting curve deviates from the center of the actual PSF.
[image: 截屏2023-02-10 下午6.33.32]
Fig. S2. Localization results using the conventional methods. (a) Three iPSFs (with Gaussian radii of 0.3, 0.4, and 0.5 pixels, respectively) and four ePSFs (three from the integral of the three iPSFs and one from a real experiment) spreading over several pixels given for localization. (b) Results from the CG method. The localization RMS errors are marked on the curves. (c) Results from the GF method.
Text S2. Effect of the ePSF calibration interval

The calibration interval  affects the ePSF modeling accuracy and the localization performance. When setting this parameter in real experiments, the size of the PSF should be taken into account. A small calibration interval should be used in order to accurately capture the shape of a focused PSF. Simulations of the effect of the calibration interval on the localization error is shown in Table S1. In the simulations, we generated spots by integrating Gaussian functions with different radii over pixels. No noise was introduced. The positions of the test spots were evenly distributed within a pixel. We used different calibration intervals to model the ePSF and calculated the statistical localization error of all test spots. The result shows that a calibration interval smaller than half of the Gaussian radius is enough for modeling an accurate ePSF. We usually set it as 0.05–0.25 pixels according to the PSF size.
Table S1
Effect of the ePSF calibration interval on the localization error
	Gaussian radius (pixels)
	Localization RMS error (pixels)

	
	∆h = 0.25（4·pixel−1）
	∆h = 0.20 (5·pixel−1)
	∆h = 0.10 (10·pixel−1)
	∆h = 0.05 (20·pixel−1)
	∆h = 0.04 (25·pixel−1)

	0.20
	8.7 × 10−3
	4.6 × 10−3
	1.6 × 10−4
	4.2 × 10−6
	1.4 × 10−6

	0.25
	8.1× 10−3
	2.6 × 10−3
	7.7 × 10−5
	2.1 × 10−6
	7.2 × 10−7

	0.30
	4.4× 10−3
	1.6 × 10−3
	4.4 × 10−5
	1.2 × 10−6
	4.0 × 10−7

	0.35
	2.6× 10−3
	8.1 × 10−4
	2.4 × 10−5
	6.3 × 10−7
	2.1 × 10−7

	0.40
	1.4× 10−3
	3.7 × 10−4
	1.1 × 10−5
	3.0 × 10−7
	9.8 × 10−8

	0.45
	5.3 × 10−4
	1.5 × 10−4
	4.8 × 10−6
	1.2 × 10−7
	4.0 × 10−8

	0.50
	2.3 × 10−4
	5.8 × 10−5
	1.8 × 10−6
	4.6 × 10−8
	1.5 × 10−8



Text S3. Details for precision limit estimation and realization

The precision limit is estimated following the CRLB calculation process. The CRLB for estimating  by an unbiased estimator is 

 ,                   (Eq. S6)



where , , and  represents mathematical expectation. The logarithm of the joint probability function for the measured pixel data in ROI is

             

 .        (Eq. S7)
Then we have


, , 

 .            (Eq. S8)
Combining Eq. (S6) and Eq. (S8), we obtain Eq. (5) in the paper.

In the MLE-based localization, the iterative Newton-Raphson method is utilized to minimize the cost function and solve for the target position. The Jacobian matrix of the cost function  is

 .         (Eq. S9)
When deriving the Hessian matrix, we neglect the second derivatives and only use the first derivatives for convenience.

 , (Eq. S10)
where 

 .                  (Eq. S11)
Then, Eq. (19) in the paper is used to solve the position of the target.
Text S4. Simulation results for spots with various sizes
The precision limit estimation results for more spots (with the same number of photons as in the paper) are shown in Fig. S3. The conclusions have been verified that the PSF should be designed to be appropriately focused to achieve the best average performance over all intra-pixel positions, and that the PSF should be adjusted to be extremely focused and measured at specific positions to achieve the best local performance. 
The localization results in the x direction for more spots along the trajectory (x = 0–1, y = 0.5) are shown in Fig. S4. At each position, multiple images (500 images) are localized. The RMS error and the mean error are calculated to show the accuracy and the bias. In Fig. S4(a), the CG method surpasses the precision limit at positions near the pixel centers because the precision limit is developed for unbiased estimators; however, the CG method is biased. It is comprehensible that the CG method can compress the noise when the target is around the pixel centers. In Fig. S4(f), the localization mean error of the CG method presents a different form compared with Fig. S4(d) and Fig. S4(e). This is because the calculation window in the simulation is set as 5 × 5 pixels and a small part of the target flux is distributed outside the window for the ePSF with a relative large size. The results have proven that at each intra-pixel position, the developed localization method is unbiased and can achieve the precision limit. 


[image: 截屏2023-02-10 下午6.34.20]
[image: 截屏2023-02-10 下午6.34.39]
Fig. S3. Precision limit for ePSFs with various sizes. (a) EPSF with a Gaussian radius of 0.2 pixels (top) and its precision limit over the intra-pixel position (bottom). The RMS value of the precision limit curve representing the average performance is marked on the figure (the RMS of the precision limit is 0.0159 pixels here). (b) EPSF with a Gaussian radius of 0.3 pixels and its precision limit. (c)–(f) Results for ePSFs with Gaussian radii of (c) 0.4 pixels, (d) 0.5 pixels, (e) 0.6 pixels, (f) 0.7 pixels, respectively.
[image: 截屏2023-02-10 下午8.20.04]
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Fig. S4. Localization results along a trajectory (y = 0.5 pixels) for ePSFs with various sizes. (a) Localization RMS errors in the x direction from multiple (500) measurements along the trajectory of y = 0.5 pixels for the ePSF with a Gaussian radius of 0.2 pixels using the developed method compared with the CG method and the precision limit (top), and the corresponding localization mean errors of the two methods (bottom). (b)–(f) Localization RMS and mean errors in the x direction along this trajectory for ePSFs with Gaussian radii of (b) 0.3 pixels, (c) 0.4 pixels, (d) 0.5 pixels, (e) 0.6 pixels, (f) 0.7 pixels, respectively.
Text S5. Real position reference used for accuracy evaluation
In the star localization application, measuring the relative motion of a target or the distance between two targets is more important than calculating the absolute position of each target. Their difference lies in whether to determine the initial offset. For the data obtained from the laboratory experiments, we try to describe the target’s absolute position and evaluate the results in a reasonable way.
With positions of the pixel centers known, the two conventional methods can determine the absolute position of a target. Because the rotating step of the turntable is fixed, we fitted a straight line to the localization results and took this line as the real position reference. It has also been confirmed that the slope of the straight line is consistent with the rotating step of the turntable. The localization errors were obtained by subtracting the real positions from the localization results.   



















For the MLE-based localization method, in the ePSF modeling process, we obtain , ,  and so on from the sampling images, and perform interpolation to form the continuous ePSF model. Here,  is the initial position of the target and  is the moving step. Although  can be calculated by the rotating information of the turntable,  is unknown and represents an offset in the target motion trajectory. To determine , we suppose that a pixel value reaches the highest with the target center coinciding with the pixel center. The process is shown in Fig. S5. From , we find the target position making the value of pixel 1 highest. The distance between this position and  is known and can be represented as  ( can be a non integer because of the interpolation). This position is also known because we have assumed that it is the pixel center . Then,  can be determined by . One  can be determined from each . We calculated several values of  and took the mean as the final . Finally, we have obtained the real position reference for accuracy evaluation.
[image: ]


Fig. S5. Determination of the real position reference for the developed method. The target center moves in constant steps and passes by the pixels 1, 2, 3 and so on. The target at discrete positions are sampled. The three curves below show the ePSFs over the target center position  for the pixels 1, 2, 3. We assume that the ePSF for a pixel reaches the highest with the target center coinciding with the pixel center, based on which we obtain the offset  of the target trajectory. Combined with the rotating information of the turntable, the real position reference can be determined.
Text S6. Systematic errors introduced by the turntable
In the laboratory experiments, although the high-accuracy three-axis turntable was used to generate the precise motion, the turntable itself inevitably introduced position errors. As illustrated in Text S5, the real position reference is determined based on the rotating information of the turntable. Thus, the turntable’s rotating error affects the accuracy evaluation for the developed method. 




The minimum rotating step of the turntable is 0.0001 degrees. If we assume the angle control error of the turntable follows a uniform distribution , , the standard deviation of the turntable noise is  degrees, which corresponds to a  pixel localization error in images. 







Although the turntable noise presents a random form over all positions, it introduces a systematic error at each position. The multiple images (30 frames) of each position were sampled with keeping the turntable stationary. Thus, in the experiments, the errors caused by the turntable cannot be reduced by means of multiple measurements, which is the reason we call them systematic errors. The localization results from Fig. 4 in the paper were analyzed to estimate the turntable’s noise. The developed method has been verified to be an unbiased estimator; it only introduces random errors. The localization error  consists of the systematic error  from the turntable and the random error  from the method. Through  repeat measurements at each position,  is reduced to  and the localization error becomes . We have


, ,                        (Eq. S12)







Where the variance of  and the variance of  can be calculated, the variance of  is  times that of , and  is 30 in this case. Then, We can calculate the standard deviation of  which represents the noise level of the turntable. The result was computed to be 0.0025 pixels, which is close to the above estimation of 0.0024 pixels. The error introduced by the turntable is thought to be approximately 0.002–0.003 pixels. 
Text S7. Real night sky observation
In the experiment, there were totally 14 stars which appear in all the star images (1000 frames). Their ePSFs are shown in Fig. S6. With the ePSFs, the MLE-based localization method was performed to determine the positions of the 14 stars in every image; the result from the conventional thresholding CG method was given for comparison. The localization results in the x and y directions are shown in Figs. S7 and S8, respectively. The stars move a larger distance in the x direction (dozens of pixels) compared with that in the y direction (several pixels). Thus, the difference of the two curves in Fig. S7 is not obvious. We used quadratic polynomial to fit the localization results in the x and y directions, and used the RMS of the residuals to represent the localization accuracy. The accuracy using the two methods and the estimated precision (or accuracy) limit are shown in Table S2. Then, according to the level of the estimated precision limit, we divided each pixel into three regions: a region with low errors (RLE), a region with medium errors (RME) and a region with high errors (RHE). The overall and region-divided localization performances of the developed method are shown in Table S3. In the paper, the two stars in Fig. 6(b) are stars 13 and 14. The result in Fig. 6(c) is for star 13 in the y direction. The eight stars in Fig. 6(d) are stars 2, 3, 4, 5, 8, 9, 13, and 14.
Localization was performed for 14 stars in two directions; there were totally 28 localization results. All of the results show great improvements compared to the conventional method, and more than 60% of the results closely approach the estimated theoretical limit (Table S2). Furthermore, 75% of the results show that the accuracy at RLE is better than the average accuracy (Table S3). The results are not perfect due to two main reasons. Firstly, the atmospheric seeing introduced additional complex noise into our star images. We believe the results will be improved if the atmospheric noise is taken account into the model. Moreover, due to the motion of the earth, a star usually moves several pixels in two consecutive captured images, and it is unable to perform repeat measurements without an external movable instrument. The ePSFs formed in this case are only approximate models neglecting optical aberration and pixel non-uniformity. This error can be reduced by calibrating the optics and the detector used.
In addition, attitude determination, which represents the navigation performance of the instrument, was performed using star positions from the conventional localization method and the developed localization method. The relative accuracy representing the ability of the instrument to measure angular distance between two attitudes was evaluated. The measurement results (the angular distances between two consecutive captured frames in three axes) are shown in Fig. S9. With the developed method, the relative attitude determination accuracy is improved from 1.04 arcseconds to 0.36 arcseconds in the x axis, from 0.93 arcseconds to 0.39 arcseconds in the y axis, from 9.65 arcseconds to 3.38 arcseconds in the z axis. The experiment verifies that the developed method effectively improves the attitude determination accuracy of the navigation instrument by improving the star localization accuracy.
[image: ]
[image: ]
Fig. S6. ePSFs obtained in the experiment. (a)–(n) ePSFs for star 1–star 14, respectively.
[image: 截屏2023-02-10 下午8.21.43]
[image: 截屏2023-02-10 下午8.22.03]
Fig. S7. Localization results in the x direction for the 14 stars. (a) Localization result for star 1 and enlarged view for part of the result. Due to the long moving distance (about 70 pixels) of the star spot along the x direction, the localization difference of the two methods (less than 0.1 pixel) is not obvious in the figure. (b)–(n) Results for stars 2–14, respectively. 
[image: 截屏2023-02-10 下午8.23.31][image: 截屏2023-02-10 下午8.23.57]
Fig. S8. Localization results in the y direction for the 14 stars. (a)–(n) Results for stars 1–14, respectively.
[image: 截屏2023-02-10 下午8.27.18]
Fig. S9. Relative attitude determination using star positions from the two methods. (a) Angular distances between adjacent frames in the x axis. The standard deviations of the curves are marked on the figure. (b) Angular distances in the y axis. (c) Angular distances in the z axis.

Table S2 
Localization errors for the 14 stars by the MLE method compared with the conventional method and the estimated theoretical limit
	Star ID
	Localization errors in the x direction (pixels)
	Localization errors in the y direction (pixels)

	
	Conventional method
	Developed method
	Theoretical limit
	Conventional method
	Developed method
	Theoretical limit

	1
	0.0252
	0.016
	0.006
	0.0238
	0.018
	0.006

	2
	0.0415
	0.016
	0.016
	0.0332
	0.018
	0.016

	3
	0.0365
	0.016
	0.014
	0.0326
	0.028
	0.014

	4
	0.0461
	0.016
	0.016
	0.0356
	0.020
	0.017

	5
	0.0508
	0.019
	0.019
	0.0483
	0.017
	0.019

	6
	0.0821
	0.034
	0.022
	0.0819
	0.045
	0.022

	7
	0.0730
	0.032
	0.018
	0.0729
	0.034
	0.019

	8
	0.0828
	0.029
	0.031
	0.0728
	0.025
	0.029

	9
	0.0755
	0.025
	0.022
	0.0653
	0.027
	0.021

	10
	0.0663
	0.026
	0.027
	0.0580
	0.043
	0.027

	11
	0.0942
	0.038
	0.030
	0.1052
	0.027
	0.030

	12
	0.0814
	0.027
	0.025
	0.0815
	0.037
	0.025

	13
	0.0653
	0.021
	0.024
	0.0579
	0.022
	0.024

	14
	0.0836
	0.026
	0.026
	0.0832
	0.025
	0.025



Table S3
Average and region-divided localization performances for the 14 stars by the MLE method 
	Star ID
	Localization errors in the x direction (pixels)
	Localization errors in the y direction (pixels)

	
	Overall
	RLE
	RME
	RHE
	Overall
	RLE
	RME
	RHE

	1
	0.0160
	0.0152
	0.0169
	0.0145
	0.0179
	0.0200
	0.0160
	0.0187

	2
	0.0156
	0.0152
	0.0161
	0.0155
	0.0183
	0.0141
	0.0184
	0.0219

	3
	0.0162
	0.0150
	0.0174
	0.0164
	0.0280
	0.0244
	0.0283
	0.0327

	4
	0.0157
	0.0152
	0.0162
	0.0155
	0.0196
	0.0158
	0.0223
	0.0251

	5
	0.0191
	0.0162
	0.0202
	0.0194
	0.0171
	0.0159
	0.0170
	0.0195

	6
	0.0340
	0.0344
	0.0327
	0.0372
	0.0453
	0.0461
	0.0322
	0.0506

	7
	0.0321
	0.0326
	0.0291
	0.0356
	0.0344
	0.0348
	0.0347
	0.0315

	8
	0.0294
	0.0272
	0.0292
	0.0395
	0.0254
	0.0225
	0.0274
	0.0279

	9
	0.0252
	0.0234
	0.0273
	0.0280
	0.0271
	0.0261
	0.0230
	0.0311

	10
	0.0263
	0.0239
	0.0279
	0.0330
	0.0433
	0.0447
	0.0423
	0.0404

	11
	0.0381
	0.0341
	0.0422
	0.0425
	0.0273
	0.0260
	0.0260
	0.0354

	12
	0.0265
	0.0245
	0.0290
	0.0277
	0.0366
	0.0376
	0.0291
	0.0451

	13
	0.0213
	0.0207
	0.0214
	0.0237
	0.0217
	0.0196
	0.0199
	0.0249

	14
	0.0262
	0.0250
	0.0274
	0.0317
	0.0249
	0.0201
	0.0287
	0.0251
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